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Abstract The study "Non-local rheology in dense granular flows: Revisiting the concept of fluidity,” pub-
lished in 2015 in The European Physical Journal E (vol. 38) by Mehdi Bouzid and collaborators, stands
as an important contribution to the rheology of granular materials. In their work, the authors critically
discuss the differences between proposed non-local models and provide clear pathways to discriminate
between them. This perspective paper revisits the state of the art at the time of the Bouzid et al's publi-
cation, highlighting its role in inspiring subsequent research. We then explore recent advancements since
2015, which, while significant, have not yet fully resolve the questions originally raised by Bouzid et al.

1 Preface

Granular media, beyond their importance in numerous
industrial applications and in describing geophysical
phenomena such as avalanches or landslides, provide
a stimulating playground for physicists. The behav-
ior of a large collection of non-Brownian rigid grains
reveals remarkable complexity and poses many chal-
lenges at the interface of statistical physics, fluid and
solid mechanics, rheology, and soft matter. One of the
major questions in this field is whether a continu-
ous description of these particulate materials is pos-
sible. Can we propose constitutive laws that would
provide the foundation for a granular hydrodynamics,
thereby enabling quantitative predictions of flows in
silos, avalanches, and other systems? In the 2000s, sig-
nificant efforts were made to understand and describe
granular media as a continuous fluid [1], leading to
the development of relatively simple rheological models.
However, it quickly became apparent that, despite their
evident successes in capturing many phenomena, these
approaches had limitations, particularly in accounting
for finite-size effects and non-local phenomena. The
2015 paper by Bouzid et al. in EPJE [2] is emblematic of
this research, highlighting the importance of non-local
effects in granular rheology and offering a comparison
of various models proposed at the time.

On the occasion of the 25th anniversary of the Euro-
pean Physical Journal E, I propose in this perspective
a comment of this influential paper. I will first outline
the state of the art and open questions prior to its pub-
lication, then provide a concise summary of the ideas
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and results presented in the paper, and finally discuss
how these questions have evolved and progressed over
the past decade, and what new challenges now face the
community.

2 State-of-the-art prior Bouzid et al (2015)

2.1 The local rheology

The two decades from 1990 to 2010 saw major advances
in the description and understanding of granular flows.
Earlier efforts had primarily focused on characterizing
the very slow deformation regimes typically encoun-
tered in soil mechanics, leading to the development of
plasticity models for granular materials [3]. The ques-
tion of how to describe granular flows really started
with the development of kinetic theory for granular
media [4,5]. The idea was to treat flowing grains as
a gas of hard, inelastic particles undergoing binary col-
lisions. By introducing inelasticity and energy dissipa-
tion into the kinetic theory equations for gases, a set
of constitutive laws (for mass, momentum, and energy)
was derived, based on density, velocity, and granular
temperature (defined as velocity fluctuations). While
this approach successfully described dilute and highly
agitated granular media, its early versions rooted in col-
lisional dynamics, failed to capture dense flows and the
scaling laws observed in inclined plane flows, vertical
chute flows, and rotating drums.

A phenomenological approach thus emerged, partly
inspired by collective work from the GDR Midi group
(1], which compiled experimental and simulation data
from multiple studies. This effort highlighted an extre-
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mely fruitful dimensional analysis when considering the
pressure-imposed rheology of a granular medium made
of rigid particles. When rigid particles of size d and
density p, are sheared at a shear rate 4 under a confin-
ing pressure P, dimensional analysis dictates that the
shear stress 7 and the volume fraction ¢ are controlled
by a single dimensionless number: the inertial number

= 4d/\/P/ps [1,6]. This leads to a frictional law and
a dilatancy law:

T=u()P, ¢=¢(I) (1)

The frictional law pu(I) is an increasing function of
I, starting from a critical threshold value p. as I — 0
(quasi-static regime), while ¢(I) is a decreasing func-
tion of I, starting from the jamming volume fraction
¢, as I — 0. This local description, where the stress
at a point depends solely on the local shear rate via
7 = p(I)P, was later generalized into a tensorial for-
mulation [7], successfully capturing many observations
across different flow configurations [8-10]. However,
limitations of this local rheology soon became appar-
ent.

Several observations highlight the limitations of a
purely local rheology, particularly in slow flows near
the quasi-static regime. A first signature is found in
the velocity profiles observed in various flow configura-
tions, such as surface flows in rotating drums, Couette
flows, and planar shear under gravity [1]. In all these
setups, the stress distribution leads to a friction coeffi-
cient that exceeds the threshold p. only in a first zone,
falling below it in a second zone. Local rheology would
predict no shear in the sub-threshold zone. However,
a systematic "creep” flow characterized by exponential
velocity profiles is consistently observed. This suggests
that the sub-threshold zone receives fluctuations from
the zone above the threshold, enabling it to flow: a non-
local phenomenon.

A second signature of non-locality is observed in
finite-size effects. The critical angle @, at which a layer
of grains is able to flow, depends on the layer thickness
h and increases when h becomes smaller than a few tens
of grain diameters [11]. A local rheology would predict
a single limiting angle regardless of thickness.

A final set of experiments shows that the behavior
of a granular medium near a sheared zone can be pro-
foundly altered. For example, a steel ball placed at the
surface of a granular packing subjected to a basal shear
below the surface, begins to flow, even though no sur-
face flow is present [12]. This suggests that the presence
of deep shear weakens the medium beneath the ball,
causing it to sink. A variant of this experiment involved
moving a rod near a shear band in a region supposed
to be below the flow threshold, demonstrating that the
rod’s velocity appears to follow an Arrhenius-like law,
with an energy barrier corresponding to the deviation
from the spontaneous motion threshold [13]. All these
observations point to intrinsic non-local effects linked
to the discrete nature of the medium. The key ques-
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tion remained: Could these effects be incorporated into
a continuous description?

2.2 Different non-local models

To incorporate non-local effects into a continuous
model, several approaches have been proposed. Some
rely on an integral formulation to capture the influence
of neighboring regions, inspired from Eyring theory [14]
or by introducing averaging kernels in plasticity mod-
els [15). Other approaches focus on the role of velocity
fluctuations, building on modified kinetic theory [16] or
generalized energy fluctuation equations [17].

At the time of Bouzid et al.’s paper, two approaches
were gaining significant attention within the com-
munity. Both introduced diffusive terms into phe-
nomenological constitutive equations to account for
non-locality [18,19]. Although the two approaches share
common formalisms, they also exhibit important differ-
ences, which lie at the heart of the discussion in Bouzid
et al.’s paper [2]. The first approach, developed by Kam-
rin and collaborators in a series of papers [18,20,21]
is inspired by Kinetic Elasto-Plastic (KEP) theory,
originally formulated for elasto-plastic fluids such as
foams and emulsions [22,23]. This theory derives a non-
local description from the statistics of localized plastic
events, introducing the concept of fluidity f, defined as
the inverse of viscosity: f = 4/7, where %4 is the shear
rate and 7 is the shear stress. KEP theory proposes an
evolution equation for f that includes a diffusive term,
accounting for the spatial range of elastic relaxation
during a localized plastic event.

To adapt this theory to granular media, Kamrin et
al. [18,20] proposed replacing the stress 7 with the fric-
tion coefficient g in the definition of a granular fluidity,
denoted as g:

9="4/n ()

The fluidity equation then takes the form:

9 = Gioe + §2Ag» (3)

where gp,.(p, P) is the local fluidity, which is zero if
1 < ps and otherwise given by: gioe (i, P) = I(p)/(Tip),
with I(u) corresponding to the local rheology (inverse
of Eq.1,) and T; = d/\/P/p, representing the inertial
time scale. The characteristic length scale of non-local
effects, £, is assumed to diverge symmetrically on either
side of the friction coefficient threshold p.:

e [ 1
=N =l @

with A a phenomenological constant.

The second approach, proposed by Bouzid et al. [19],
considers the inertial number I itself as a state vari-
able that diffuses due to non-local effects, such as cor-
related motions or soft modes observed near jamming
transitions. Bouzid et al. introduce a non-local rheology
by expressing the friction coefficient as its local value,
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reduced by a term related to the diffusion of the inertial
number:

1= fige(T) (1 - vd"’%) , (5)

where v is a constant. Here, the typical diffusion length
of the state parameter is vd®/I, which diverges as I —
0. The local friction coefficient p,.(I) is given by the
standard local rheology Eq. 1.

While these two approaches share similarities in their
formalism, they also exhibit fundamental differences
that form the core of the discussion in Bouzid et al.’s
paper [2]. They offer complementary perspectives for
capturing non-local effects but differ in their choice of
state variable. This has significant implications for pre-
dicting flow behavior, particularly near the jamming
transition.

3 The main messages of Bouzid et al
(2015)

The paper by Mehdi Bouzid and collaborators was pub-
lished at a time when several approaches to non-local
rheology for granular materials had already been pro-
posed. In this important paper, the authors aim to clar-
ify the difference between the approaches by discussing
the foundations of each model, focusing specifically on
the fluidity model [20] (Eq.3) and the gradient expan-
sion model [19] (Eq.5). Their goal was to assess the
relevance and predictive power of these models across
various flow configurations. Below, we summarize the
paper’s key findings.

3.1 The basic foundation of the fluidity

The non-local granular fluidity model draws inspira-
tion from the elasto-plastic non-local theory proposed
by Bocquet et al [22]. While the latter was derived
by considering the statistics and dynamics of elas-
tic loading/plastic event cycles in elasto-plastic flu-
ids, Bouzid et al. emphasize that its generalization
to granular media is far from straightforward. Gran-
ular systems operate in a regime where deformation
phenomenology differs significantly, governed by strong
correlations (soft modes) rather than localized plastic
event avalanches. To highlight this difference, Bouzid
et al. compare discrete simulations of simple shear
for soft and rigid grains. They show that the defor-
mation dynamics are markedly distinct: soft systems
deform through successive phases of elastic loading fol-
lowed by irreversible plastic event avalanches, whereas
rigid systems exhibit much more frequent and spatially
distributed rearrangements. This observation suggests
caution when interpreting granular fluidity in compar-
ison to the fluidity of elasto-plastic media.
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3.2 Relaxation length in inhomogeneous flows

To further compare the models, Bouzid et al. discuss
the predicted velocity profiles in flows where stress dis-
tribution varies. By varying the pressure near bound-
aries, they force the flow to transition from above the
yield threshold to a lower value, either above or below
the friction threshold. The junction between these two
zones exhibits a relaxation of the shear rate over a
measurable length. Their data show that this length
diverges as the friction coefficient approaches its thresh-
old value, both from above and below. A slight asym-
metry in the divergence is observed, more pronounced
in frictionless particles. Both the fluidity and gradient
expansion non-local models predict this divergence in
the relaxation length of 4 as p — ., although the
observed asymmetry is only predicted by Bouzid et al.’s
model. The authors conclude that comparing velocity
profile predictions alone is insufficient to discriminate
between the models, as both predict a similar diver-
gence in relaxation lengths near the flow threshold.

3.3 A microrheometer to investigate non-local
effects

To explore this further, the authors propose an inge-
nious configuration [24]: locally probing a flow driven
by boundaries with an additional small shear. The tech-
nique involves imposing a tangential stress jump at a
given depth in a planar shear flow by applying a hor-
izontal force only to particles crossing a line. In this
configuration, which features a stress discontinuity, the
fluidity and gradient expansion models predict differ-
ent jump conditions. In the fluidity model, g = |§|/p is
assumed to be continuous. Since p is discontinuous, ||
must also be discontinuous. In contrast, the gradient
expansion model assumes that the inertial number I is
continuous, implying that |¥| must remain continuous.
Discrete simulations support this hypothesis, showing
that the ratio of shear rates above and below the stress
jump remains equal to 1, independent of the stress jump
magnitude. Although this result pertains to a specific
configuration, it appears strong enough to discriminate
between the models. In my opinion, its significance has
been largely underestimated by the community.

3.4 The main conclusions of Bouzid et al (2015)

The main conclusion of Bouzid et al.’s paper is that the
fluidity-based non-local model and the gradient expan-
sion non-local model, while sharing similarities in their
formulation, are not equivalent. Although both models
provide comparable predictions for velocity profiles in
classical inhomogeneous flows, such as Couette flows,
they are fundamentally different in their underlying
conceptualization of non-locality. The fluidity model is
rooted in the idea of localized plastic events, whereas
the gradient expansion model is based on correlated
soft modes. Moreover, the two models do not predict
the same behavior in configurations involving stress dis-
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continuities. The authors emphasize the need for fur-
ther studies to analyze the mechanisms underlying non-
locality, a question that has inspired significant research
since the publication of their paper.

4 What's new since Bouzid et al (2015)

Since the publication of Bouzid et al.’s paper, the ques-
tion of non-locality in granular rheology has remained
a dynamic and active field of research [25]. Several key
developments have emerged. First, following Bouzid et
al.’s conclusion remarks, many studies have focused on
identifying the relevant underlying variables that might
explain non-local effects. A second, indirectly related
line of investigation concerns the well-posedness of con-
stitutive equations [26]. The widely used u(I) rheol-
ogy has been shown to be ill-posed, exhibiting inher-
ent instabilities at small wavelengths, a major chal-
lenge for applications in numerical simulations. Intro-
ducing non-local terms in the rheology can be seen as a
physical means of regularization, though this approach
has proved to be far from straightforward. The rela-
tionship between non-locality and the well-posedness of
constitutive equations has thus become a critical area of
study. Below, I subjectively highlight several examples
of recent developments in this evolving field.

4.1 Origin of non-locality

Following the relative success of the fluidity model in
predicting several flow features in numerical and exper-
imental studies, many researchers have sought to inter-
pret fluidity in terms of microscopic dynamics [27-
34]. A popular candidate for the field variable under-
lying fluidity is the mean velocity fluctuations, which
carry information about both local agitation and spa-
tial correlations. Several numerical studies have simu-
lated different flow configurations, particularly inhomo-
geneous flows where non-local creep velocity profiles are
present [27,29,30]. These studies computed the fluidity
%/ p directly from local measurements of the shear rate
and stresses, while also measuring the locally averaged
velocity fluctuations dv. A master curve emerges when
plotting the dimensionless fluidity gd/dv as a function
of the local volume fraction ¢ [27], though the quality
of this collapse may depend on how the fluctuations are
averaged [29], or if the shear is not unidirectional [30].
This correlation suggests a direct relationship between
the friction coefficient and granular temperature, with-
out explicitly introducing the volume fraction. Kim and
Kamrin [35], simulated various flow configurations with
creep regions below the flow threshold, computing the
friction coefficient g, the inertial number I, and the

dimensionless granular temperature © = pts—v2 /P along
the flow profile. While a good collapse of p(I) and O(I)
is observed in the inertial regime, where local rheol-
ogy is expected to hold, this relationship breaks down
when I falls below 0.05, in the quasi-static regime. Here,
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no one-to-one relationship exists between g and I, or
between © and I. However, a remarkable collapse is
observed when plotting ,‘elf 5 as a function of I across
the entire range of I [32,35]. This strongly suggests the
existence of a universal function p(I,0) valid every-
where. This scaling has been also tested experimen-
tally [32,33]. Interestingly, a recent study shows that
even in immersed granular media, where dissipation
oceurs through the interstitial fluid, a similar scaling
is observed [36]. However, this scaling alone does not
constitute a constitutive law, as it still requires propos-
ing an evolution equation for the granular temperature
. Interestingly, if one expends © in terms of gradients
of I, the gradient expansion proposed by Bouzid et al.
[19] might be recovered.

At this stage, if granular temperature emerges as a
relevant field, it is legitimate to ask whether kinetic the-
ory of granular media could provide a complete frame-
work, as it already offers hydrodynamic equations for
volume fraction, velocity, and granular temperature.
Berzi [16] demonstrated how a connection can indeed be
made between kinetic theory and the non-local fluidity
model, where non-locality arises from the conduction of
granular temperature in the energy equation. However,
it is important to note that for kinetic theory to capture
the dense flowing regime and the local rheology, several
phenomenological closures must be introduced, partic-
ularly for a cooperative length scale. This makes the
theory as phenomenological as the other approaches,
and while the structure of kinetic theory equations may
be relevant, its interpretation in terms of collisional
dynamics is questioned. For instance, the observation
that the same temperature scaling is observed in over-
damped systems in suspension [36], suggests that flue-
tuations are primarily controlled by geometrical defor-
mation modes, as proposed for example by Sheraki
et al [37], and not by inelastic collisions. The role of
fluctuations is also emphasized in a recent theoretical
study [17], demonstrating how a perturbative analy-
sis of a general energy equation, not limited to colli-
sional dynamics, can capture the scaling relationship
between granular temperature and the friction coeffi-
cient. This approach successfully recovers a non-local
fluidity model similar to those previously proposed.

Overall, despite the observation of intriguing scalings,
the closure of non-local models and the link with micro-
scopic dynamics remain incomplete. The field continues
to explore how these insights can be integrated into a
robust theoretical framework.

4.2 Link between ill-posedness and non-local models

The motivation to develop non-local models in the
2010s was initially driven by the limitations of the
local p(I) rheology, particularly in capturing velocity
profiles and the long-distance influence of shear. How-
ever, another critical limitation of the local rheology
emerged after the publication of Bouzid et al.’s work:
the ill-posedness of the incompressible local rheology.
Through stability analysis of plane shear flows, Baxter
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et al. [38] demonstrated that the system is unstable to
short-wavelength perturbations, with diverging growth
rates, when the inertial number I is either very low or
very high. This ill-posedness manifests, for example, in
numerical simulations where spurious unstable waves
appear, whose properties are dependent on the mesh
size. The origin of this instability can be attributed to
a non-convex energy potential, and studies [39,40] have
discussed how a proper theoretical framework based on
thermomechanics considerations might help in formu-
lating well-posed constitutive laws.

Several approaches have been proposed to address
this ill-posedness. One approach involves modifying the
functional form of the p(I) rheology to eliminate the
instability, which requires regularization at both low
and high inertial numbers [41,42]. Another approaches
abandon the incompressibility assumption and accounts
for variations in the volume fraction [43-45]. Concern-
ing the non-local models, at first glance, one might
think that adding a diffusive Laplacian term to the con-
stitutive laws would regularize and stabilize small wave-
lengths and provide a well-posed rheology. However, as
shown by Li and Henann [46], the situation is more
complex. While the fluidity model appears to be well-
posed, meaning that plane shear is unconditionally sta-
ble, the gradient expansion constitutive law as initially
proposed by Bouzid et al. [19] is actually even more ill-
posed than the simple local rheology. The source of this
instability seems to be the presence of pressure in the
Laplacian term through the inertial number I. Naively,
one might wonder whether this weakness could be mit-
igated by using the norm of the shear rate || instead
of the inertial number I as the state parameter.

5 Conclusion

The paper by Bouzid et al., published in EPJE in 2015,
which compared non-local approaches, raised several
important points to evaluate and understand the dif-
ferences between the models. First, the authors empha-
sized the distinction between the classical elasto-plastic
scenario, from which the concept of fluidity was orig-
inally derived, and the case of rigid granular media,
where non-locality arises more from correlated soft
modes rather than localized plastic events. A second,
equally important result from Bouzid et al., which may
have been underestimated in some recent studies, is the
necessity to test non-local models not only by compar-
ing velocity profiles but also by examining configura-
tions that locally probe the rheology.

While the question of a well-posed, physically groun-
ded non-local rheology remains open [25], both the
fluidity approach and the gradient expansion model
have been adopted in several numerical studies [47-51],
despite the questions about their microscopic origins,
relative merits, and the ill-posedness of the gradient
expansion model. These studies have successfully cap-
tured non-trivial non-local effects and provided more
realistic predictions of velocity profiles across various
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configurations compared to local rheology. Experiments
have also been conducted to test these predictions and
link macroscopic fields with microscopic fluctuations
[28,32-34). Additionally, several enrichments have been
proposed, including the incorporation of hysteresis [52]
and normal stress differences [53] within the fluidity
framework.

Open questions still remain. The question of bound-
ary conditions is not yet very clear. The importance
of non-locality in cohesive granular media is another
active area of research [54], as intrinsic localization phe-
nomena appear to be a generic feature of these materi-
als. Their description within a continuum approach may
require even more consideration of non-local effects for
regularization than in dry granular media, as demon-
strated in studies where the Bouzid et al. model suc-
cessfully predicts the characteristics of shear banding
in cohesive granular media [55]. There is no doubt that
non-locality will continue to inspire and motivate future
studies.
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