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Discontinuous shear thickening in dry granular materials induced
by non-Coulombian friction
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Over the last decade, the physics of discontinuous shear thickening (DST) in dense
suspensions has undergone a paradigm shift. Growing evidence indicates that it stems
from a frictional transition at the particle scale induced by repulsive forces between the
suspended grains. However, in dry granular materials, interparticle friction can also exhibit
a transition when the grains are coated, typically with polymers or lubricants widely used
in industry. In this work, we use discrete-element method simulations to demonstrate that
DST occurs in dry granular materials when considering non-Coulombian behavior, where
the interparticle friction varies with the contact normal force to mimic the influence of
a coating. By performing pressure- and volume-imposed measurements, we reveal all
regimes of dry shear thickening and present a mean-field model that predicts the observed
scenarios by relating the bulk rheology to the microscopic friction law.

DOI: 10.1103/PhysRevFluids.10.064302

I. INTRODUCTION

Dense suspensions, such as the mixture of cornstarch particles in water, can exhibit the spectac-
ular phenomenon of discontinuous shear thickening (DST). When prepared at high enough packing
fractions, these suspensions display an abrupt increase in effective viscosity when sheared, which
may completely solidify the material [1–7]. The phenomenon of a violent increase in viscosity was
first observed by Freundlich and Röder [8] when studying the drag felt by an object within a dense
suspension of quartz powders. However, its physical origin has remained an open question until
recent years.

Over the last decade, many experimental and numerical studies have shown that DST stems
from a frictional transition at the particle scale [9–13]. The key physical ingredient is the presence
of a short-range repulsive force between the grains, which prevents solid contact at low stresses.
The suspension then behaves as an ensemble of frictionless grains. However, when the material is
subjected to high stresses and the particle pressure overcomes the repulsive stress, grains come into
solid contact, activating the interparticle friction [9,10,14]. These observations have been used to
rationalize DST theoretically in a mean-field model that considers a transition from a frictionless to
a frictional state as the shear stress increases [14]. Although the studies mentioned above considered
the presence of an interstitial fluid, they also revealed that in such dense states, hydrodynamic
interactions play a minor role, and the change between different types of contact is responsible
for the change in effective viscosity. This scenario suggests that a similar phenomenon can emerge
even in the complete absence of a suspending fluid.

Dong and Trulsson [7], using discrete-element method (DEM) simulations, have shown that the
DST transition is indeed a very general phenomenon. It can be observed in suspensions across a
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wide range of Stokes numbers, from the viscous regime controlled by dissipation in the suspending
fluid to inertial suspensions, where the fluid plays no role and the rheology is controlled by collisions
between particles. The only necessary ingredient for DST is a frictionless-frictional transition at the
interparticle scale.

In this paper, we follow Dong and Trulsson’s work by studying the role of a variable-friction
coefficient and the occurrence of DST in a completely dry granular material, without any suspending
fluid. In various industrial applications, particles are often coated with liquids, lubricants, or
polymers [15–17]. This coating alters the interparticle interactions, which are no longer governed
solely by Coulombian friction. Tribology research has established that the presence of polymers
or lubricants at particle-contact points modifies the friction coefficient, making it dependent on
both the normal force and the sliding velocity in intricate ways [18–23]. While the impact of
non-Coulombian friction on rheology is well documented for suspensions [24,25], it is much less
understood for dry granular materials [26,27].

The rheology of dry, Coulombian granular materials interacting only by collision has been ex-
tensively studied in the past two decades [28]. Under constant confining pressure, the leading-order
dynamics is well described by the so-called μ(I ) rheology, in which the bulk friction coefficient
μ(I, μp) and the solids volume fraction φ(I, μp) are functions of the dimensionless inertial number
I and of the interparticle friction coefficient μp [29,30]. In configurations where the volume of the
sample is fixed, the constitutive laws are Bagnoldians, i.e., shear stress and pressure scale with the
shear rate squared [29,30]. Both approaches are entirely equivalent and the constitutive relations
in the volume-imposed configuration can be computed from the ones at imposed pressure and vice
versa [29]. This description of the rheology of dry granular materials only holds for constant friction
coefficient and in the limit of rigid particles.

In this study, we investigate how the dependence of the friction coefficient on the normal force
affects the rheology of granular media. Through DEM simulations, we demonstrate that a discon-
tinuous shear=thickening behavior can be observed in non-Coulombian dry granular materials,
analogous to that seen in dense suspensions, but without the presence of a suspending fluid. We
conduct numerical experiments in both pressure- and volume-imposed configurations to show that
all regimes of shear thickening, observed both numerically [9,10] and experimentally [11–13] in
dense suspensions, are also present in dry systems due to the nonconstant friction coefficient. We
present a mean-field model that incorporates the normal-force dependence of interparticle friction
into the bulk friction coefficient, successfully capturing all the regimes observed in the simulations.

It is worth noting that the DST transition reported in this paper and in Dong and Trulsson
[7], controlled by a frictional transition at the interparticle scale, is distinct from the “elastic”
DST reported in previous numerical studies of dry granular materials [31–34]. Those studies
demonstrated that with a constant friction coefficient but finite stiffness, a shear thickening between
a flowing branch and a jammed state is observed in a narrow range of volume fractions near the
jamming transition, linked to the elasticity of the grains.

II. SIMULATION METHODOLOGY

The DEM simulations are performed using the open-source software lammps [35]. The granular
medium consists of spherical beads of diameter d = 10−3 m and density ρp = 2500 kg/m3. The
interaction forces between grains are described using the Hertz-Mindlin model [36], with a Young
modulus E ∈ [105, 107] Pa, and a Poisson ratio ν = 0.3. The restitution coefficient is equal to
e = 0.2.

In this work we consider a non-Coulombian frictional behavior. Typically, in the presence of
a coating, μp depends on both Fn and the relative velocity. In this study we focus solely on the
role of Fn and consider that the interparticle friction μp is an explicit function of the contact
normal force Fn. We assume that a transition from a low-friction limit μ1 to a high-friction limit
μ2 occurs as Fn increases [see Fig. 1(a)]. To model such phenomenology, we choose a friction
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FIG. 1. (a) The interparticle friction coefficient μp as a function of the normal force Fn with μ1 = 0.2,
μ2 = 0.7, F ∗ = 30N , and S∗ = 3N given by Eq. (1). (b) Snapshot of the simulated shear cell: the walls are in
blue; the flowing granular layer is in red.

coefficient:

μp(Fn) = μ2 + μ1

2
+ μ2 − μ1

2
tanh

(
Fn − F ∗

S∗

)
. (1)

As shown in Fig. 1(a), the frictional transition between the two limit cases occurs at a critical
force F ∗ and spreads over a force S∗. Hereafter in the paper, we choose S∗/F ∗ � 1, meaning that
the transition is sufficiently sharp such that results are independent of S∗. In addition, the lower- and
upper friction limits are set to μ1 = 0.2 and μ2 = 0.7, respectively.

To investigate how the rheology of the granular medium is affected by the normal-force de-
pendent friction coefficient, we consider the plane shear configuration of Fig. 1(b). The granular
material is confined between two rough and rigid plates made of bonded grains. The bottom plate is
held fixed while the top plate moves in the horizontal direction with a fixed velocity Vtop, prescribing
the shear rate γ̇ . The surface area of the plates is (Lx, Ly) = (20d, 20d ) and the thickness of the
layer is typically 20d at rest. Periodic boundary conditions are imposed in the flow (x) and lateral
(y) directions.

To perform pressure-imposed measurements, a constant pressure P is applied to the top plate,
while for volume-imposed experiments the vertical position of the top plate is prescribed at all
times. Simulations are carried for long enough times such that the system achieves a steady state,
and we have checked that in both configurations the flow remains uniformly sheared, with a uniform
shear rate γ̇ and volume fraction φ across the layer [37,38]. To analyze the constitutive laws, we
extract from each simulation the shear stress τ , the normal stress P, the volume fraction φ, and
the shear rate γ̇ . In the following, we analyze the influence of the non-Coulombian particle friction
coefficient in both pressure- and volume-imposed configurations.

III. PRESSURE-IMPOSED RHEOLOGY

We first consider the granular medium sheared under constant pressure P. In the Coulombian case
of constant μp and in the limit of rigid particles, the granular rheology reduces to two constitutive
laws: the bulk friction, i.e., the ratio of shear to normal stresses τ/P = μCoul(I, μp), and the volume
fraction φCoul(I, μp), both depending on the inertial number I = γ̇ d/

√
P/ρp and the interparticle

friction μp [39,40]. The red and blue squares in Fig. 2 correspond to the constitutive laws for the
two limit values of μp prescribed by Eq. (1): μp = μ1 in blue and μp = μ2 in red.

When considering a normal-force dependent friction coefficient, the force scale F ∗ controlling
the transition between low and high interparticle friction introduces an additional dimensionless
number F ∗/Pd2, which compares F ∗ to the typical normal force between the particles Fn ≈ Pd2.
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FIG. 2. (a) Bulk friction coefficient μ(I ) and (b) volume fraction φ(I ) laws for different values of P, F ∗, and
γ̇ . Square symbols: data obtained for constant friction coefficient μp = μ1 (blue) and μp = μ2 (red). Circles
are data obtained for normal-force dependent friction coefficient [Eq. (1)] colored as function of F ∗/Pd2.
Dashed lines are fit given by Eqs. (4) and (5). Continuous lines are predictions of the mean-field model
(see text) colored as function of F ∗/Pd2.

We thus expect the rheology to be controlled by a friction law μ(I, F ∗/Pd2) and a volume fraction
law φ(I, F ∗/Pd2). The results of the simulations carried out at different F ∗, P, and γ̇ are depicted
by the circles in Fig. 2, where the different colors correspond to runs at the same values of F ∗/Pd2.

At this point, three observations can be made. First, the different points obtained for different
values of pressure P and different critical forces F ∗ but keeping the same ratio F ∗/Pd2 (same
color) collapse onto single curves, showing that the rheology is indeed controlled by this ratio, as
predicted by dimensional analysis. Second, changing F ∗/Pd2 from 0.01 to 5, the μ(I, F ∗/Pd2)
and φ(I, F ∗/Pd2) laws evolve from the high-friction curve, corresponding to the constant μp = μ2,
to the low-friction curve associated with μp = μ1. This is qualitatively expected, as when Pd2 is
much larger than F ∗, most contacts involve normal forces Fn > F ∗, which leads to a high-friction
coefficient in the majority of the contacts. Conversely, when Pd2 is much smaller than F ∗, most
contacts lie in the lower frictional state. Third, for intermediate values of F ∗/Pd2, the curves
μ(I, F ∗/Pd2) and φ(I, F ∗/Pd2) tend to start close to the low-friction limit and approach the
high-friction limit as I increases. This occurs because as I increases, the system dilates, decreasing
the average number of contacts per particle. Hence, to balance the constant confining pressure, the
average normal force between particles increases, leading the system to the high-friction state. The
transition observed between the low-friction and the high-friction curves is reminiscent of what is
observed with shear-thickening suspensions studied under pressure-imposed condition [11,12].

IV. VOLUME-IMPOSED RHEOLOGY

Now, we turn to the volume-imposed configuration, where the positions of the top and bottom
plates are kept fixed at all times, fixing the average volume fraction φ. In contrast with the pressure-
imposed case, the constitutive laws are expressed in terms of how the pressure P and the shear
stress τ depend on the shear rate γ̇ and volume fraction φ. For Coulombian materials with constant
interparticle friction coefficient μp and in the limit of rigid particles, dimensional analysis imposes
that P and τ vary with the square of the shear rate, i.e., P = ρpd2γ̇ 2 f1(φ) and τ = ρpd2γ̇ 2 f2(φ).
The functions f1(φ) and f2(φ) are equivalent to the shear and normal dimensionless viscosities in
dense suspensions and they diverge when φ approaches the maximum volume fraction φc. This
scaling breaks down at high shear rates when stresses are sufficiently high to deform the particles.
The system then enters into an elastic regime, where the pressure varies with the square root of the
shear rate [41,42].
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FIG. 3. (a) Rescaled pressure P/(ρpγ̇
2d2) as a function of the shear rate rescaled by the Young modulus

E for φ = 0.576 and different critical forces F ∗/Ed2 = 5×10−7, 10−6, 2.5×10−6, 5×10−6, 10−5, 2.5×10−5

(from light to dark purple circles). Inset: same graph for φ = 0.587 and F ∗/Ed2 = 2.5×10−6, 5×10−6, 10−5

(from light to dark orange circles). Blue and red squares correspond to the case of constant μp = 0.2 and
μp = 0.7. (b) Rescaled pressure P/(ρpγ̇

2d2) as a function of the dimensionless shear rate γ̇ d2/
√

F ∗/ρp for the
same data as in (a). (c) Rescaled pressure as a function of rescaled shear rate for a fixed F ∗/Ed2 = 10−5 and
different φ. Data are represented by disks, the predictions of the mean-field model for rigid particles by dotted
lines, and predictions of the model for soft particles by the solid-line curves.

In the following, we present the influence of the non-Coulombian interparticle friction on the
rescaled pressure. Equivalent behavior is observed for the shear stress τ , so it is omitted here.
In Fig. 3(a), the normalized pressure P/ρpd2γ̇ 2 is plotted as a function of the normalized shear
rate γ̇ d (ρp/E )1/2 for φ = 0.576 (main plot) and 0.587 (inset). The blue and red square symbols
correspond to simulations with a constant interparticle friction coefficients μp = μ1 and μp = μ2,
respectively. For φ = 0.576, both curves are constant as predicted by the dimensional analysis but
they are shifted in pressure, showing the influence of the interparticle friction μp. For φ = 0.587
(inset), both curves present a plateau at low shear rates corresponding to the rigid limit. For μp = 0.7
(red squares), a shear-thinning branch is observed with slope −3/2, which corresponds to the elastic
regime.

If we now consider the case of a normal-force dependent interparticle friction, the system
transitions from the low- to the high-friction curve when increasing the shear rate, as shown by
the circles in Fig. 3(a), where the colors correspond to different values of the critical force F ∗. The
higher the critical force F ∗, the higher the associated critical shear rate at which shear thickening
occurs. From dimensional analysis, this critical shear rate should scale with

√
F ∗/ρp/d2.

These different curves from Fig. 3(a), corresponding to different F ∗, indeed collapse onto a mas-
ter curve when the pressure is plotted as a function of the dimensionless shear rate γ̇ d2/

√
F ∗/ρp, as

shown in Fig 3(b). A deviation is observed for the two smallest values of F ∗ (shown in light blue),
which can be attributed to the non-negligible width of the frictional transition S∗ [Fig. 1(a)] at such
small F ∗ values. It is also important to note that this collapse holds only in the rigid limit. As soon
as the elasticity of the grains starts to play a role, another force scale intervenes in the rescaling of
the shear rate. This is observed in the limit of high-shear rates for φ = 0.587 [inset of Fig. 3(b)].

We proceed to investigate the influence of the volume fraction φ in Fig. 3(c), where P/ρpd2γ̇ 2

is plotted against γ̇ d2/
√

F ∗/ρp for different values of φ, which is equivalent to the behavior of
a suspension normal viscosity as a function of the shear rate [9,10]. At low volume fractions, the
system transitions continuously from the lower to the higher frictional branch, and P/ρpd2γ̇ 2 is
a monotonically increasing function of the shear rate, leading to a continuous shear-thickening
regime. When φ = 0.583, the slope of the curve becomes vertical, which leads to a drastic jump
in viscosity around γ̇cd2/

√
F ∗/ρp ≈ 0.06. This threshold corresponds to the onset of discontinuous

shear thickening in dense suspensions. For all higher volume fractions, the flow curve becomes
S-shaped with a shear-weakening branch connecting the lower and higher frictional branches. This
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branch is equivalent to the shear-weakening regime in colloidal suspensions, which is intrinsically
unstable, and the reason for the discontinuous jump in shear and normal stresses at a critical shear
rate [14]. Note that a second shear-weakening regime is observed in the limit of high-shear rates,
after the material has already transitioned to the higher frictional state. This shear-weakening regime
is, however, induced by the elasticity of the grains, where P/ρpd2γ̇ 2 ∝ (γ̇ d

√
ρp/E )−3/2 (black

line). This plot is a direct equivalent of the shear-thickening curves observed experimentally and
numerically in dense colloidal suspensions [9,10,13,14], and all the shear-thickening regimes are
recovered with the non-Coulombian nature of the contact.

V. MEAN-FIELD MODEL

To explain the observations, we propose hereafter a mean-field approach to predict the macro-
scopic shear-thickening rheology from the microscopic interparticle friction law μp(Fn). The key
assumption of our model is that the rheology of a non-Coulombian granular medium can be
described by the Coulombian granular rheological laws, where the interparticle friction is replaced
by an effective value μ̃p, which depends on I and F ∗/Pd2. This hypothesis is close to the one used
in Ref. [25] and similar to the main assumption of the Wyart and Cates model [14] for describing
DST in suspensions. In their case, the rheology is assumed to be given by the Newtonian rheology
with an effective maximum volume fraction φc that depends on the ratio between the repulsive force
and the average contact force.

To do so, we first characterize the Coulombian rheology μCoul(I, μp) and φCoul(I, μp) for all
values of constant μp. Second, we infer what would be the distribution of friction coefficient in the
case of a normal-force dependent friction coefficient μp(Fn) assuming that the distribution of Fn is
the one from the Coulombian system. Then, an effective average friction coefficient μ̃p is defined,
which depends on I and F ∗/Pd2. Injecting μ̃p(I, F ∗/Pd2) into the Coulombian rheology yields the
non-Coulombian constitutive laws:

μ(I, F ∗/Pd2) = μCoul[I, μ̃p(I, F ∗/Pd2)], (2)

φ(I, F ∗/Pd2) = φCoul[I, μ̃p(I, F ∗/Pd2)]. (3)

We thus start by systematically computing the friction μCoul(I, μp) and volume fraction
φCoul(I, μp) for a constant μp ∈ [0.05, 0.9] (the detailed results are presented in the Appendix).
The two constitutive relations are fitted according to the following functional forms proposed in the
literature [30]:

μCoul(I, μp) = μc(μp) + μ∞(μp) − μc(μp)

I0/I + 1
, (4)

φCoul(I, μp) = φc(μp) − [φc(μp) − φm(μp)]I, (5)

where I0 = 0.5 and the functions μc(μp), μ∞(μp), φc(μp), and φm(μp) are obtained from a best-fit
procedure and are well approximated by an exponential dependence with μp (see the Appendix for
details).

Then, we define the effective average friction coefficient μ̃p for the non-Coulombian system as

μ̃p =
∫ ∞

0
μp(Fn)P (Fn)dFn, (6)

where μp(Fn) is the interparticle friction law given by Eq. (1) and P (Fn) is the probability distribu-
tion of normal forces within the material. In this mean-field approach, we assume that the probability
distribution P (Fn) can be taken from the Coulombian system. In the Appendix, we show that a good
approximation of the normal-force distribution for constant μp is an exponential distribution:

P (Fn) = 1

F0
exp(−Fn/F0) (7)
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characterized by a single parameter F0, which is the mean normal force. It should be noted that
as mentioned in previous studies [43–45], the normal-force distribution deviates from a purely
exponential distribution when normal forces are low (particularly when I is low), a property
neglected in what follows. The parameter F0a priori is proportional to Pd2, with a coefficient
depending on both I and μp. In the Appendix, we compute the average normal force 〈Fn〉/Pd2 as a
function of I and μp to show that the role of μp is weak. We then propose the following expression
for F0/Pd2 as a function of I only:

F0

Pd2
= 1.2 + 23I2. (8)

Substituting the normal-force distribution [Eq. (7)] with F0 given by Eq. (8) in the definition
of μ̃p [Eq. (6)] gives the expression for the effective friction μ̃p(I, F ∗/Pd2). To compute the non-
Coulombian rheology, we inject μ̃p into Eqs. (2) and (3) where the expressions for μCoul and φCoul

are given by Eqs. (4) and (5).
The predictions of this mean-field approach for μ and φ are shown as solid lines in Figs. 2(a)

and 2(b) for the pressure-imposed configuration. The model captures well the transition from the
low- to the high-friction branch when F ∗/Pd2 decreases and I increases, and matches quantitatively
the DEM numerical data. A discrepancy between the theoretical model and the data is observed at
low inertial number I , probably due to the assumption of the exponential distribution for the normal
force, which is less accurate at low I .

To predict the constitutive equations in the volume-imposed case, we just need to invert (nu-
merically) the relation φ(I, F ∗/Pd2) knowing the definition of I , to get P/ρd2γ̇ 2 as a function
of φ and γ̇ d2/

√
F ∗/ρp. The predictions are shown as dotted lines in Figs. 3(b) and 3(c). The

discontinuous shear thickening and the transition between low- to high-friction regime are well
captured by the model, with typical S-shaped curves. Since the DEM simulations are conducted at
fixed shear rate, the unstable branches of the S-shaped curves are not accessible and one observes
sudden jumps in pressure when increasing γ̇ . To capture the shear thinning observed at high shear
rates corresponding to the elastic regime [see inset of Fig. 3(a)] the model needs to be improved.
We thus use the following empirical relation for the pressure capturing the crossover between the
rigid and soft regimes:

P

E
= a((̂̇γ 2

)−1 + (b̂̇γ 1/2
)−1)−1, (9)

where ̂̇γ = ρ1/2
p d γ̇ /E1/2[φc(μp) − φ]. The numerical parameters a = 0.025 and b = 0.029 are

obtained via a fitting procedure (see the Appendix for details). Substituting μp by μ̃p in Eq. (9)
we obtain numerically P as a function of φ and γ̇ d2/

√
F ∗/ρp. The results are plotted in Figs. 3(b)

and 3(c) as solid lines and capture the behavior over the entire range of shear rates, from the shear
thickening induced by the frictional transition to the shear thinning due to the particle softness.

VI. CONCLUSION

To conclude, we have shown that discontinuous shear thickening can indeed occur in dry granular
media if the interparticle friction transitions from a low to a high frictional state when subjected to
higher contact normal loads. Performing discrete-element method simulations in both pressure- and
volume-imposed flow configurations, we demonstrate the effect of the non-Coulombian interparticle
friction in the macroscopic bulk rheology. In the pressure-imposed configuration, the normal-force
dependent interparticle friction induces a transition from a lower to a higher frictional state as
the material is subjected to higher normal stresses, similar to what is observed in dense colloidal
suspensions. When describing the system in a volume-imposed framework, the system transitions
smoothly between frictional states when the volume fraction is low, analogously to a continuous
shear-thickening regime in suspensions. On the other hand, when the non-Coulombian material
is prepared in a dense packing, the flow curves become S-shaped, leading to a discontinuous
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shear-thickening regime due to the presence of a shear-weakening unstable region across the transi-
tion. Our simulations also capture the elastic regime in the limit of high shear rates when the level
of stresses is sufficient to deform the particles. This leads to a second velocity-weakening regime,
even after the system has already become fully frictional. Here, we propose a phenomenological
mean-field model inspired by the Wyart and Cates model [14] for colloidal suspensions. In our
model, we depart from the rheology of dry, Coulombian granular materials and introduce an
explicit dependence on the interparticle friction coefficient, which depends on the stress imposed
on the material. We also present an extension of the model to account for the transition in scaling
when the material enters the elastic regime. Our model can capture quantitatively all the regimes
observed in the simulations, from continuous to discontinuous shear thickening, as well as the elastic
regime.

Importantly, our work demonstrates that discontinuous shear thickening does not require a
suspending fluid to occur. Thus, shear thickening is not a unique feature of granular suspensions
and can be observed in a variety of systems [46,47]. Although the current numerical investigation
uses a simplified model of granular material, we believe these findings can be of interest in potential
applications. To enhance the flowability of powders, coatings are often used to lubricate and reduce
friction at low stresses [48]. A parallel can be drawn with suspensions, where the use of plasticizers
in concrete or lecithin in chocolate allows for better flowability and prevents jamming at low stresses
while maintaining a high concentration of particles and the desired resistance at high stresses
[49]. Controlling particle interactions through surface modifications to enhance flow properties in
dry granular media is thus of interest for industrial applications. Further investigation into how
surface coatings influence the rheology of granular materials would be a valuable avenue for future
research.
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APPENDIX: FLOW PROPERTIES FOR CONSTANT FRICTION COEFFICIENT

To obtain the two constitutive laws μ(I, μp) and φ(I, μp) necessary to derive the mean-field
approach, we systematically varied μp in the range 0.05 to 0.9. Results are presented in Figs. 4(a)
and 4(b). By fitting μ(I ) and φ(I ) using Eqs. (2) and (3) for the different μp, we obtained the
parameters μc(μp), μ∞(μp), φc(μp), and φm(μp) as shown in Figs. 4(c)–4(f), where we also plot
results from previous studies [39,40]. The parameter φm appears to be independent of μp, whereas
the other parameters are well fitted by an exponential function of μp shown as solid lines [see the
caption of the figure for the quantitative expression of μc(μp), μ∞(μp), and φc(μp)].

To derive the mean-field approach and compute the average friction coefficient between the
particles, we need to know the distribution of normal forces in a granular assembly. Figure 5(a)
shows how the distribution P (Fn) varies when increasing the inertial number I . The distribution is
close to an exponential distribution [Eq. (7)] characterized by its mean value F0. From dimensional
analysis, one expects F0 to scale with Pd2, the only force scale in the system. In Fig. 5(b), the
normal force averaged in all the contacts 〈Fn〉/Pd2 is plotted as a function of the inertial number I
for various values of μp. To first order, one can consider that F0 is independent of μp and well fitted
by Eq. (8), as shown by the magenta solid line.

At high stresses as reached after the shear-thickening transition, the elasticity of the grains can
no longer be neglected. An empirical law [Eq. (9)] is proposed for the evolution of the pressure
with the shear rate and the volume fraction. In Fig. 5(c), the evolution of the normalized pressure
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FIG. 4. (a) μ(I ) and (b) φ(I ) for constant interparticle friction μp ranging between 0.05 and 0.9. Solid lines
correspond to best fits obtained from Eqs. (2) and (3). Evolution of (c) μc, (d) μ∞, (e) φc, and (f) φm as a func-
tion of μp, with I0 = 0.5. The solid lines represent the exponential fits μc = 0.355 − 0.207 exp(−6.956μp),
μ∞ = 0.742 − 0.300 exp(−3.869μp), and φc = 0.584 + 0.055 exp(−3.868μp). The dashed line corresponds
to φm = 0.454. Data from previous works of Estrada et al. [39] and Man et al. [40] are shown for comparison.

P/E with the normalized shear rate ̂̇γ is plotted for different interparticle friction coefficients μp =
0.2, 0.5, 0.7, and Young’s modulus E . The dotted line represents the inertial regime (P ∼ γ̇ 2) and
the dashed line the elastic regime (P ∼ γ̇ 1/2). The red line is Eq. (9).

FIG. 5. (a) Rescaled distribution of the normal forces F0P (Fn) as a function of Fn/F0, where F0 is the mean
force and the solid line represents the exponential distribution obtained for μp = 0.5 and different I . Inset:
Same data without the rescaling. (b) Evolution of the normal force averaged over all the contacts, 〈Fn〉, as a
function of the inertial number I for different values of P and μp. The magenta curve corresponds to the best
fit F0 = Pd2(1.2 + 23I2) used in the mean-field model. (c) Evolution of the normalized pressure P/E with
the normalized shear rate ̂̇γ = ρ1/2

p d γ̇ /E 1/2[φc(μp) − φ] for μp = 0.2, 0.5, 0.7 (upside-down triangle, circle,
triangle) and Young’s modulus E (color). The dotted and dashed lines represents the inertial regime (P ∼ γ̇ 2)
and the elastic regime (P ∼ γ̇ 1/2 ), respectively. The red line is given by Eq. (9) and the values of a = 0.025
and b = 0.029 are obtained from the best fit.
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