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Abstract: We present a theoretical analysis of frictional transitions along the Stribeck curve
for rough elastic contacts lubricated by a Newtonian fluid. Building on the mean-field framework
of Persson and Scaraggi (J. Phys.: Condens. Matter 21 (2009) 185002), we formulate a minimal
elastohydrodynamic model that couples contact mechanics and lubrication through a homogenized
pressure decomposition. Dimensional analysis reveals three independent dimensionless parameters
governing the frictional response, which correspond to a dimensionless speed, normal load, and
surface roughness.

Using asymptotic expansions, we first characterize the boundary and hydrodynamic lubrication
regimes, which arise naturally as the quasistatic and smooth-surface limits of the model. In both
limits, the contact morphology converges toward Hertzian contact in the regime of large elastic
deformation, with boundary layers regularizing the separation profile at the edge of the contact
zone.

We then analyze the mixed lubrication regime and derive asymptotic expressions for the friction
coefficient in the low- and high-speed limits. At high speeds, friction decomposes into a viscous
contribution and a residual contact term, leading to a roughness- and load-dependent criterion for the
transition to hydrodynamic lubrication that departs from constant-Λ ratio theories. At low speeds,
friction reduction results from the progressive redistribution of the applied load between asperity
contact and hydrodynamic pressure, yielding a characteristic transition speed from boundary to
mixed lubrication. These results are summarized in a phase diagram that generalizes the classical
Stribeck curve to a multidimensional parameter space.

I. INTRODUCTION

Lubrication is one of the most common and effective strategy for reducing sliding friction and wear between solid
surfaces [1]. It plays a central role across a wide spectrum of applications: from the operation of large-scale mechanical
systems such as gears, bearings, and engines, to microelectromechanical devices [2], biomedical implants [3], and even
natural systems such as synovial joints [4]. A central challenge across these systems is to ensure robust lubrication so
that the surfaces remain separated and direct contact is avoided.

The Stribeck curve, illustrated in Fig. 1, provides a qualitative framework for characterizing the frictional response
under lubrication. It represents the coefficient of friction µ, ratio of tangential to normal forces, as a function of
the Hersey number, defined as the product of viscosity and sliding velocity divided by the applied normal load per
unit length. Three regimes are typically distinguished: (i) boundary lubrication, occurring at high loads and low
speeds, where the lubricant is largely expelled and friction and wear are governed by direct solid–solid contact; (ii)
hydrodynamic or elastohydrodynamic lubrication (EHL), at high speeds and low loads, where a liquid film is entrained
and supports the load, with friction is dominated by viscous shear; and (iii) an intermediate mixed lubrication regime,
where both asperity contact and hydrodynamic pressure contribute significantly, and the friction coefficient decreases
with speed. Although the existence of these three regimes is well established, the mechanisms governing the transitions
between them remain poorly understood.

The boundary-to-mixed transition has received little attention in the literature. Classical contact mechanics models,
such as the Greenwood–Williamson asperity model [5], and more advanced statistical theories of roughness such as
Persson’s model [6], provide detailed descriptions of the stochastic mechanics of asperity contact. Both frameworks
predict that the real area of contact increases linearly with the applied normal load, thereby providing a microscopic
basis for Coulomb’s friction law. However, these approaches neglect the role of fluid flow, and thus cannot capture
the coupled interplay between solid contact and hydrodynamic pressure that governs the onset of mixed lubrication.
The aim of this article is to fill this gap. It is worth mentioning that the frictional response of soft materials such as
rubbers or gels often departs from Coulomb’s law, being governed instead by additional physico-chemical processes [7],
such as chain adsorption [8, 9], viscoelastic losses [6, 10], or poroelastic dissipation [11, 12]. In this article, we leave
those effects aside and will restrict ourselves to elastic interfaces.
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FIG. 1. Stribeck curve schematic. Friction coefficient, ratio between shear force F over the normal force per unit length
FN , versus the Hersey Number ηU/FN , where η and U are the lubricant viscosity and sliding speed respectively. Three regimes
of boundary, mixed and hydrodynamic lubrication are encountered as the Hersey number increases.

The mixed-to-hydrodynamic transition has traditionally been analyzed through extensions of elastohydrodynamic
lubrication (EHL) theory. Classical EHL provides a description of pressure generation and hydrodynamic friction
between nominally smooth, conforming surfaces, and thus applies directly in the hydrodynamic regime, where rough-
ness ≪ film thickness [13–15]. However, it cannot easily accommodate the stochastic nature of real topographies. A
central difficulty is the multiscale character of rough surfaces, which typically display correlated roughness spanning
several orders of magnitude in length scale [16, 17]. A major advance was the homogenization framework of Patir
and Cheng [18–20], which introduced so-called flow factors to account for the averaged influence of surface roughness
on the Reynolds equation. These models predict that roughness significantly alters the pressure distribution once the
mean film thickness becomes comparable to a few times the root-mean-square (rms) roughness, hrms. This observation
motivated the introduction of the dimensionless Λ ratio, defined as the ratio of central film thickness to hrms. It is
often argued that the mixed-to-hydrodynamic transition is controlled by this thickness ratio Λ = 3 [21].

Nevertheless, experimental studies report a much broader range of transition values, from Λ ≃ 0.7–11 [22], Λ ≃
0.7–1.2 [23], Λ ≃ 0.9–2.3 [24], and Λ ≃ 16–2, 736 [25]. This wide scatter suggests that models coupling contact
mechanics and EHL alone can fully describe the transition, and that multiple pathways exist. Indeed, in many
real situations the transition is initiated or strongly influenced by physico-chemical mechanisms, such as long-range
adhesive forces leading to “jump-to-contact” [26], mechanical surface instabilities including wrinkling or Schallamach
waves [25, 27], or viscoelastic stresses in lubricant film [28]. This broad scatter emphasizes that a global framework
of mixed lubrication is still lacking – one that can capture the interplay of contact mechanics, fluid dynamics, and
physico-chemical effects, and thereby clarify the key parameters and scaling laws governing transitions.

The central difficulty in mixed-lubrication modeling is that it must simultaneously describe regions of fluid flow
and regions of solid–solid contact. Classical Navier–Stokes–based models with no-slip boundary conditions, such as
lubrication theory, cannot handle sliding contact: as the local film thickness tends to zero, the shear rate diverges.
Within the Reynolds equation, this manifests as a singularity in the pressure field when the gap vanishes. This issue
is well known in fluid dynamics and wetting, where it appears as the contact-line singularity [29–31]. To circumvent
this difficulty and capture both asperity contact and hydrodynamic pressure, homogenization mean-field approaches
have been proposed (Fig. 2), in which the interfacial pressure is split at a mesoscopic scale into a contact contribution
and a hydrodynamic contribution [32–35].

In this work, we analyze one of the most simple mean-field model of mixed lubrication, following the framework
pioneered by Persson and Scaraggi [33]. We choose to employ a minimal model with the aim at obtaining exact
asymptotic expressions of the friction and providing rigorous criterion of lubrication transitions. The paper is orga-
nized as follow. Section II introduces the model and governing dimensionless parameters. Section III addresses the
limiting cases of boundary and hydrodynamic regimes. Section IV presents an asymptotic analysis of the frictional
response around both the boundary lubrication and hydrodynamic lubrication regimes. These analysis provide a
characterization of the transitions into the mixed regime. Conclusions and outlook are discussed in Section V.
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FIG. 2. Schematic of the homogenization method. A rigid rough cylinder is sliding along a soft solid immersed in a
viscous liquid. We model the contact area at the mesoscopic scale using a mean-field approach (see red zoomed region), where
the asperities (see green zoomed region) are averaged spatially to a contact pressure.

II. MIXED-LUBRICATION MEAN-FIELD MODEL

We introduce a mean-field description of mixed lubrication that closely follows the framework proposed in Ref. [33].
The model captures the coexistence of solid contact at asperity summits and hydrodynamic lubrication in the inter-
vening fluid film. In section IIA, we first introduce the physical setting and the main modeling assumptions, before
deriving the governing equations. A dimensional analysis is then carried out in Sec. II B to identify the relevant
control parameters and limiting regimes.

A. Formulation

The model system consists of an infinitely long rigid cylinder of radius R sliding at constant speed U over a soft,
planar elastic substrate (Fig. 2(a)). The contact is fully immersed in a viscous liquid of viscosity η, and a prescribed
normal load per unit length FN is applied to the cylinder.

Owing to surface roughness, the applied load is transmitted partly through direct solid contact at asperity summits
and partly through the hydrodynamic pressure generated in the lubricating liquid film (Fig. 2(c)). Rather than
resolving the roughness explicitly, a spatially homogenized (mean-field) description is adopted at a mesoscopic scale
(Fig. 2(b)). Within this framework, the effects of roughness are accounted for through the steady-state, spatially
averaged separation distance h(x) and the corresponding averaged total pressure field p(x).

The central assumption of the model is that, at any position x along the contact, the total pressure can be
decomposed linearly into a contact contribution pc(x) and a fluid contribution pf (x),

p(x) = pc(x) + pf (x), (1)

where the two pressure components are treated as independent and are both related to the average separation distance
h(x).

The contact pressure is modeled using Persson’s contact mechanics theory for randomly rough, self-affine sur-
faces [36]. Within this framework, the local contact pressure depends exponentially on the average separation distance
between the surfaces,

pc(x) = βE∗ exp

(
−α

h(x)

hrms

)
, (2)

where hrms is the root-mean-square roughness amplitude, α and β are numerical coefficients of order unity determined
by the full roughness spectrum, and E∗ = E/(1 − ν2) is the effective elastic modulus, with E and ν the Young’s
modulus and Poisson ratio of the substrate.

Then, the fluid pressure is assumed to obey the Reynolds (thin-film) equation, widely employed for lubrication
flows. In the present steady, one-dimensional configuration, this reduces to [37]

p′f (x) = 6ηU
h(x)− h∗

h3(x)
, (3)
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where h∗ is a constant proportional to the volumetric flux of fluid passing through the contact.
The imposed normal load is carried by the total pressure, which imposes the integral constraints

∫

R
p(x) dx = FN . (4)

The mean separation h(x) results from the superposition of the undeformed geometry and the elastic deformation
of the substrate induced by the total pressure field. Assuming plane-strain elasticity, the gap profile reads

h(x) = z0 +
x2

2R
− 2

πE∗

∫

R
p(y) ln |x− y| dy, (5)

where z0 denotes the vertical position of the cylinder apex and the second term x2/(2R) the local parabolic shape of
the cylinder, while the last term represents the elastic deformations. In total, the equations (1)–(5) involve four fields
(p, pf , pc, and h) and two unknown constants, h∗ and z0. These constants are determined by imposing the global
force balance (4) together with the fluid pressure boundary conditions pf (±∞) = 0, so that the system is well-posed.

Once the separation and pressure fields are known, the tangential stress acting on the cylinder can be evaluated
and integrated to obtain the total friction force. Normalizing this force by the applied normal load defines the friction
coefficient µ. As for the normal pressure, the tangential stress is decomposed into a solid (contact) contribution and a
fluid (viscous) contribution. This decomposition directly translates into a corresponding decomposition of the friction
coefficient,

µ = µc + µf . (6)

The tangential stress transmitted through solid contact is assumed to obey a local Coulomb-like friction law and is
therefore proportional to the local contact pressure. As a result, the contact contribution to the friction coefficient
reads

µc =
µ0

FN

∫

R
pc(x) dx, (7)

where µ0 is the microscopic Coulomb friction coefficient. The fluid contribution arises from viscous shear at the
surface of the cylinder and is given by

µf =
1

FN

∫

R
η
∂v

∂z

∣∣∣∣
z=zcylinder

dx, (8)

with v(x, z) the fluid velocity field. Using standard lubrication theory, this expression can be simplified to yield [33]

µ =
µ0

FN

∫

R
pc(x) dx+

ηU

FN

∫

R

1

h(x)

[
1 + 3

(
1− h∗

h(x)

)]
dx, (9)

which will be used in the following to construct the Stribeck curves predicted by the present mean-field model.

B. Dimensional analysis and phase diagram

There are multiple length and pressure scales in the problem, arising from elasticity, lubrication forces, surface
roughness, and the imposed normal load. The purpose of this subsection is to identify the relevant dimensionless
parameters governing the lubrication transition.

The system is characterized by six physical parameters: the sliding velocity U , normal force FN , surface roughness
amplitude hrms, cylinder radius R, effective elastic modulus E∗, and fluid viscosity η. Dimensional analysis (Buck-
ingham Π theorem) therefore implies the existence of three independent dimensionless groups. We choose to express
these groups as a dimensionless speed, force, and roughness amplitude, as these correspond directly to experimentally
controlled parameters.

Several nondimensionalization choices are possible. Following Snoeijer et al. [37], we adopt the elastic scales provided
by Hertz theory for the dry contact between a smooth rigid cylinder and an elastic half-space. Specifically, we use as
characteristic scales the maximum Hertzian pressure pHz, the typical elastic deformation uHz, and the half-width of
the dry contact a, which are given by [38]

pHz =
2FN

πa
=

(
FNE∗

πR

)1/2

, a =

(
4FNR

πE∗

)1/2

, uHz =
a2

R
=

4FN

πE∗ . (10)



5

Quas
ista

tic

Speed

Roughness

Force

Hertz 
theory

F̄N
<latexit sha1_base64="mFqOm9d+kjeuhEc4pgVS5whZvbw="></latexit>

h̄rms
<latexit sha1_base64="c/bMJUL/EfpztQBf6kvYCCqytYE="></latexit>

�
<latexit sha1_base64="LWbxq1YcVuVEfqnQIGRJ+MHVy3A="></latexit>

(b)(a)

10°7 10°6 10°5 10°4

¥U/FN

10°2

10°1

100

µ

°2 °1 0 1 2

x/a

0.0

0.5

1.0

u
/u

H
z

Hertz

°2 0 2

(x° a)/a∏2/5

0

2

4

u
/u

H
z
∏

3
/
5

0.44

∏

10°2

10°3

10°4

°10 0 10

x/a

0

50

100

150

200

u
/u

H
z

∏

102

103

104

°5.0 °2.5 0.0 2.5 5.0

x/(a∏1/3/241/6)

0

5

10

15

u
/
(u

H
z
∏

2
/
3
/2

41
/
3
) Rigid

(a) (b)

(c) (d)

a
<latexit sha1_base64="T++mW5e57VzC25RTqh8e7rLS3sQ="></latexit>

uHz

Smooth

Dry contact

FIG. 3. Numerical Stribeck curve and phase diagram. (a) Friction coefficient versus the Hersey number for h̄rms = 10−4,
F̄N = 0.1 and µ0 = 1. (b) Schematic phase diagram of the lubrication problem in the three-dimensional parameter space
defined by the dimensionless speed λ, load F̄N and roughness hrms. The diagram highlights key asymptotic regimes: the
smooth limit (h̄rms = 0, blue plane), corresponding to classical elastohydrodynamic lubrication; the quasistatic limit (λ = 0,
pink plane), where the friction is purely contact-dominated; and their intersection (green line), representing the Hertzian
indentation problem for dry contacts, as schemed in the green box.

Using these Hertzian scales, we first define a dimensionless speed quantifying the relative importance of lubrication
and elastic forces. Substituting the above scales into the thin-film equation (3) yields

λ =
6ηUa

u2
HzpHz

=
3π2

4

ηURE∗

F 2
N

, (11)

which is proportional to the classical Hersey number, up to the factor 3π2RE/(4FN ) arising from the elastic normal-
ization.

Substituting the same scales into the contact pressure relation (2) yields two additional dimensionless parameters,

F̄N =
1

πβ2

FN

RE∗ , h̄rms =
1

4αβ2

hrms

R
, (12)

which correspond respectively to the applied normal force normalized by the elastic stiffness and to the roughness
amplitude normalized by the cylinder radius. The numerical prefactors α and β in (2) have been absorbed into the
definition of the dimensionless groups.

Appendix A presents the dimensionless set of equations obtained once normalizing by the aforementioned scales.
This set of equation is then solved numerically using a finite-difference scheme. For a given solution at prescribed
values of (λ, F̄N , h̄rms), a custom continuation algorithm is employed to systematically explore the parameter space.
To illustrate the ability of the present mean-field model to capture the lubrication transition, Fig. 3(a) shows a
representative Stribeck curve obtained for h̄rms = 10−4, F̄N = 0.1, and µ0 = 1. The classical Stribeck behavior is
recovered, including (i) a boundary-lubrication regime at vanishing sliding velocity with an approximately constant
friction coefficient for ηU/FN < 10−7, (ii) a mixed-lubrication regime in which the friction coefficient decreases with
increasing speed for 10−7 < ηU/FN < 3 × 10−5, and (iii) a hydrodynamic-lubrication regime at sufficiently large
speeds ηU/FN > 3× 10−5, where the friction coefficient increases with both sliding speed and fluid viscosity.
Altogether, we obtain a three-dimensional phase space that is drawn schematically in Fig. 3, where the three axis

correspond to the dimensionless speed, normal force and roughness. On the phase diagram, we can already identify
some specific regions corresponding to well defined regimes of friction.

• The first limit of interest is the regime of validity of the Hertz-contact solution, which is the case of smooth
surface h̄rms = 0 and zero sliding speed λ = 0. On the phase diagram of Fig. 3, this corresponds to the axis
highlighted with a green line. We briefly recall the pressure and separation distance profiles of the Hertz theory
in Sec. III A as it will arise later in the asymptotic analysis.
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• The second one is the smooth limit, meaning the blue plane h̄rms = 0 in Fig. 3. In that case, no direct contact is
allowed and the friction is only characterized by the hydrodynamic pressure, which corresponds to the classical
elastohydrodynamic lubrication regime [39]. In Sec. III B, we provide a derivation of the hydrodynamic friction
force in this case, that is built on known asymptotic solutions of the problem.

• The last one is the quasistatic limit, meaning pink plane U = λ = 0. In this situation, our model reduces to the
indentation of a rough cylinder on a soft surface. This corresponds to the boundary lubrication regime, where
the friction is given by the Coulomb friction coefficient. In Sec. III C, we characterize the separation distance
profile in that regime, as it will be useful later to describe the transition between regimes.

To sum up, in this section, we have identified the three governing dimensionless numbers of our model, which can
be seen as dimensionless speed, normal force and roughness. Furthermore, we introduce the two limiting cases of
smooth and quasistatic, which correspond to the elastohydrodynamic and boundary lubrication regimes respectively.
In the next section, we will focus on these two limits of the model.

III. LIMITING CASES

Before investigating the mixed-lubrication regime in the next section, we first focus here on the boundary and
hydrodynamic lubrication regime. Those arise naturally in the limiting cases that have been identified in Fig. 3(b).
More specifically, we will describe here the Hertzian contact, smooth limit (hydrodynamic) and quasistatic limit
(boundary) in this order.

A. Hertz solution U, hrms → 0

The first and simplest limiting case is the famous Hertz solution of contact mechanics, meaning the static indentation
of a smooth cylinder on a soft surface. The Hertz solution is expected to emerge both in the quasistatic (U → 0)
and the smooth limit (hrms → 0). The latter can be found in textbooks for the pressure distribution and separation
distance profile for the pressure and thickness profile that reads [38]

p(x) = pHz

(
1− x2

a2

)1/2

Θ
(
a2 − x2

)
, h(x) =

uHz

2

(∣∣∣x
a

∣∣∣
√(x

a

)2
− 1− ln

[∣∣∣x
a

∣∣∣+
√(x

a

)2
− 1

])
Θ
(
x2 − a2

)
, (13)

where we introduce the Heasiside function Θ(x > 0) = 1 and Θ(x < 0) = 0. We notice that the vertical position of
the sphere is equal to

z0 = −uHz (1 + ln 4) /4 ≈ −0.59657uHz, (14)

which can be found evaluating Eq. (5) at x = 0.

B. Smooth limit (hrms → 0): hydrodynamic lubrication

In the limit of a smooth cylinder, formally corresponding to a zero root-mean-square roughness in the present model,
the lubrication pressure entirely accommodates the normal load while the contact pressure is null. In this situation,
the model of Sec. IIA reduces to the elastohydrodynamic lubrication model, governed by a single dimensionless
number that is λ here. We notice that some other papers used different renormalization scales, but an equivalent
dimensionless number M = FN/(ηUE∗R)1/2 ∝ λ−1/2 [40]. We stress that we restrict ourselves to the isoviscous case
where the viscosity is pressure independent, and we do not consider any possible cavitation at negative pressure [15].

This case has been widely discussed in the literature, and in particular some asymptotic solutions has been proposed
in the λ ≪ 1 and λ ≫ 1 limits, as we will discuss below. We illustrate those asymptotic solutions in the Fig. 4 showing
the film thickness profiles for various λ, where the λ ≪ 1 (resp. λ ≫ 1) limit is shown on the left (resp. right), which
correspond to large-force/small-speed and large-speed/low-force respectively. Alternatively, Essink et al. introduced
the terminology large (λ ≪ 1) and small (λ ≫ 1) deformation regime [41], that we are going to employ in the following
subsections.
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FIG. 4. Separation distance profiles in the smooth limit. Dimensionless separation distance as a function of the lateral
position for various values of λ (indicated with colors) both in the λ ≪ 1 (a) and λ ≫ 1 (b) limits. The inset in (a) displays
a zoom in the outlet region, highlighting the λ dependence of the separation distance in the central region. In the panels (c)
and (d), we plot the same data as in (a)-(b) but with the appropriate λ rescaling to highlight the asymptotic solutions. The
schematics in (e) and (f) highlight the structure of the lubrication film. The pink dot shows the location of the Hertz contact
radius.

1. Large deformation limit (λ ≪ 1)

Clearly, in the λ → 0 limit, the separation distance profile converges toward the Hertz solution Eq. 13 (see Fig. 4(a)).
In this regime, the film thickness is much smaller than the typical elastic displacement uHz, which justifies the
terminology large deformation limit. Nevertheless, the Hertz solution alone is not sufficient to find the friction force
as it does not not predict the film thickness within the contact region. The inset in Fig. 4(a) represents a zoom of the
outlet region that clearly illustrates that the film thickness remains λ dependent.

Using asymptotic matching methods, Snoeijer et al. [37] characterized the structure of the film thickness in this
limit, as schematically illustrated in Fig. 4(e). In the central region (|x| < a), the film thickness is nearly uniform and
given by

h(|x| < a) = h0,large ≈ 0.44uHzλ
3/5. (15)

Figure 5(a) shows the central film thickness h(x = 0) as a function of λ, which is well described by the asymptotic
law (15).

Near the edges of the central region, at x = ±a, two universal self-similar solutions develop, each with a lateral
extent scaling as aλ2/5. These boundary-layer–like regions smoothly connect the central flat film to the Hertzian
profile outside the contact area (|x| > a). Although the inlet (x = −a) and outlet (x = a) solutions differ, they
share identical characteristic scales. To illustrate the universal nature of the outlet solution, we replot in Fig. 4(c)
the separation distance profiles from Fig. 4(a), where the thickness is rescaled by the central film scaling and the
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lateral scale by the boundary-layer thickness. This rescaling yields an almost perfect collapse of the numerical data,
confirming the existence of a universal self-similar solution.

To determine the hydrodynamic friction force (see Eq. (9)), it remains to compute the integration constant h∗, which
physically corresponds to the dimensionless liquid flux. Integrating Eq. (3) over the entire domain and applying the
pressure boundary conditions p(±∞) = 0 yields the closed-form expression [42]

h∗ =

∫

R
h−2(x), dx

∫

R
h−3(x), dx

. (16)

Given the spatial structure of the film thickness, both integrals in Eq. (16) are dominated by the contribution from
the central flat region. We may therefore approximate

∫

R
h−n(x) dx ≈

∫ a

−a

h−n(x) dx ≈ 2ah−n
0,large, for n = 1, 2, 3. (17)

which immediately yields h∗ = h0,large.
The hydrodynamic friction coefficient then follows from integrating the viscous shear stress in Eq. (9), leading to

µf =
ηU

FN

∫

R

1

h(x)

[
1 + 3

(
1− h∗

h(x)

)]
dx. (18)

We now derive an asymptotic expression for the fluid friction coefficient in the large-deformation limit, denoted µf,large.
As for the flux calculation, the integral in Eq. (18) is dominated by the central region, where the film thickness is
uniform. Since h∗ = h0,large, the term in brackets vanishes in this region. Combining these approximations, we obtain

µf,large ≃
ηU

FN

2a

0.44uHzλ3/5
∝
(
FNR

E∗

)1/2

λ2/5. (19)

The numerical evaluation of the full hydrodynamic friction from Eq. (18), shown in Fig. 5(b) (orange circles), is in
excellent agreement with the asymptotic prediction (19) (dashed blue line) in the λ → 0 limit.
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100
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102

103

µ
f
/[
F
N
/
(R
E
∗ )

]1
/
2 Numerical

µf,large ∝ λ2/5

µf,small ∝ λ2/3

µf,th

10−3 100 103

λ

10−3

10−2

10−1

100

101

h
(x

=
0)
/u

H
z

Numerical

h0,large ∝ λ3/5

h0,small ∝ λ2/3

(a) (b)

FIG. 5. Central film thickness and hydrodynamic lubrication friction in the smooth limit. (a) Dimensionless central
film thickness h(x = 0)/uHz versus λ, where the blue and green dashed lines show (15) and (21) respectively. (b) Dimensionless
hydrodynamic friction coefficient versus the dimensionless speed λ in logarithmic scales, where the circles show the numerical
integration of (18) and the solid lines the interpolation function (23). The blue and green dashed lines display the asymptotic
law (19) and (22) respectively.

2. Small deformation limit (λ ≫ 1)

The film thickness profiles have very different shapes qualitatively in the large λ limit (see Fig. 4(b)). Oppositely
to the λ ≪ 1, the film thickness is now much larger than the typical elastic deformations. Skotheim and Mahadevan
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have solved the elastohydrodynamic equations by performing a regular perturbation expansion [43]. The elastic
deformations can be neglected with respect to the minimum film thickness h0,small to leading order and such that the
film thickness and pressure field are well approximated by

h(x) ≈ h0,small +
x2

2R
, p(x) ≈ −2ηU

x

(h0,small + x2/2R)2
, h∗ =

4h0,small

3
. (20)

The resolution of the next leading order equation together with the integral constraint on the pressure field provides
the missing condition to get h0,small that gives

h0,small =

(
3πη2U2R2

2E∗FN

)1/3

= uHz
λ2/3

241/3
, (21)

where we recover that h0,small ≫ uHz when λ is large. In Fig. 4(d), we show the same separation distance profiles

as in Fig. 4(b), but where the film thickness is rescaled by h0,small while the lateral scale is rescaled by
√
Rh0,small,

which leads a perfect collapse, where the black dashed lines shows a parabolic law y = 1+ x2/2 corresponding to the
rigid cylinder interface. Additionally, the asymptotic expression (21) perfectly describes the numerical central film
thickness at large λ, as shown in Fig. 5(a) with the green dashed line.

Now that we have determined the morphology of the separation distance profile, we can obtain an approximate
expression for the hydrodynamic friction in the λ → ∞ limit. We inject (20) and (21) into (9) and perform the
integration to get

µf,small =
2
√
2πηUR1/2

FNh
1/2
0

∝
(
FNR

E∗

)1/2

λ2/3, (22)

where a different speed dependence is found as compared to the large deformation regime (19). Again, the asymptotic
expression (22) (green dashed lines in Fig. 5(b)) describes very well the full numerical integration of the hydrodynamic
friction in the λ → ∞ limit.

3. General model of the hydrodynamic friction

In summary, the hydrodynamic friction follows two distinguish asymptotic expressions with the dimensionless speed
for λ → (0,∞), each of them with a non-trivial scaling exponent. We wish to have a general prediction for µf,th

over the entire range of λ. We propose here an empirical function that corresponds to the geometric mean of the two
asymptotic expressions as

µf,th =
√
µ2
f,small + µ2

f,large. (23)

The interpolation function (23) is plotted with a solid black line and provide an excellent description of the hydrody-
namic friction, including in the transition region.

C. Quasistatic limit (U → 0): boundary lubrication

We now move to the boundary lubrication limit, for zero sliding speed, meaning λ = 0, hence pf = 0. In this
situation, the hydrodynamic pressure is zero and the total friction is directly given by the Coulomb friction, i.e.
µ = µ0. We wish here to discuss the shape of the averaged separation and its dependence on the two dimensionless
numbers F̄N and h̄rms. The main physical parameter involves the comparison between the typical Hertzian elastic
indentation to the size of the roughness, which can be quantify as the ratio h̄rms/F̄N = hrms/(αuHz). We plot in
Fig. 6(a)-(b) the pressure profiles for various values of h̄rms/F̄N and we recover a very similar phenomenology as
for the smooth limit of section III B. The h̄rms/F̄N ≪ 1 limit corresponds to large indentation with respect to the
roughness scale and is displayed on the left while the small indentation limit is shown on the right. In the next couple
of subsections, we will provide a quantitative description of the average separation distance profile in both of these
limiting cases.
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FIG. 6. Separation distance profiles in the quasistatic limit. Rescaled separation distance profiles for large indentation
(a) and small indentation (b). The different colors code for the dimensionless roughness parameter. The normalized load has
been fixed to F̄N = 0.1. The inset in (a) shows a zoom in the contact region, where the separation are rescaled by the roughness.
The cyan dashed lines shows the rough contact expression (24) while the black dashed lines show the Hertz solution (13). The
panel (c) show a zoom in the outlet region where the data are rescaled with the self-similar scales (see Appendix B). In the

panel (d), the data of (b) are rescaled vertically by h̃0 (see Eq. (25)) and horizontally by
√

ah̃0. The schematics in (e) and
(f) highlight the structure of the separation distance. We notice that we wrote h ∼ hrms to simplify, although logarithmic
corrections in F̄N and h̄rms exists for the typical separation distance scale.

1. Large indentation limit (h̄rms/F̄N ≪ 1)

The first and most important limit in real applications is the situation where asperities are much smaller than the
typical indentation scale, i.e. h̄rms/F̄N ≪ 1. In this case, the separation distance profile converges towards the Hertz
profile, as shown in Fig. 6(a). The inset in Fig. 6(a) shows the same data rescaled by the root-mean-square roughness,
and demonstrates that the separation distance in the central region scales with the typical roughness scale, up to a α
factor. Indeed, the separation profile can be found analytically by injecting the Hertz pressure (13) into the contact
equation (2), leading to

h(x) = −hrms

2α
ln

(
FN

β2πRE∗

(
1− x2

a2

))
. (24)

The solution (24) is shown in the inset of Fig. 6(a) with blue dashed lines and labeled “rough contact” and perfectly
describes the numerical data in the contact region |x| < a.

We wish to make a couple of remarks at this point. First, we set arbitrarily the dimensionless normal force to
a value of F̄N = 0.1 in the data shown in Fig. 6, which leads to a positive separation distance at the apex of the
cylinder (h/(hrms/α) ≈ ln(10)/2 ≈ 1.15. Nevertheless, whenever F̄N > 1, the expression (24) leads to negative central
separation distance as h(x = 0) ∝ − ln

(
F̄N

)
, which is nonphysical. This happens because the contact mechanics



11

model used here is purely elastic without any notion of hardness or plasticity. Therefore, we will restrict ourselves to
relatively small normal forces, meaning F̄N < 1, in order to stay within the regime of validity of the model.

The second remark that we point out here is that the rough contact solution as a logarithmic singularity at the
edge of contact h(|x| → a−) ∝ ln(a − |x|). Hence, the rough contact solution must be regularized by a boundary
layer at the edge of the contact zone x ≈ ±a, which interpolate between the rough contact solution (24) and the
Hertzian solution outside the contact region (13). This is analogous to the inlet/outlet solutions discussed for the
elastohydrodynamic case of section III B 1 and shown in Fig. 4(c). In Appendix B, we find the typical scales of this
boundary layer, as well as the self-similar solutions.

We rescale the numerical profiles in Fig. 6(c), using those boundary-layer scales ĥ = hrms/α, ℓ̂ = a(hrms/αuHz)
2/3

and p̂ = pHz(hrms/αuHz)
1/3 (see Appendix B). The resulting collapse onto a single master curve confirms the existence

of a universal self-similar boundary-layer solution that regularizes the logarithmic divergence and connects smoothly
to the Hertzian outer profile.

2. Small indentation limit (h̄rms/F̄N ≫ 1)

The other limit h̄rms/F̄N ≫ 1 corresponds to the case where the typical Hertzian elastic indentation is much smaller
than the typical roughness. In that case, the contact is governed by a few asperities as shown in the schematic of
Fig. 6(f). We show some separation profiles in Fig. 6(b) in this limit. We recover the same phenomenology as
in the Sec. III B 2, where the separation distance largely exceed the Hertz indentation scales as well as the typical
elastic displacements. Therefore, we make the same assumption as in Sec. III B 2 and suppose that we can neglect
elastic deformations in the separation distance to leading order and assume a parabolic separation distance profile as
h = h̃0+x2/(2R), where h̃0 is an unknown distance. Injecting this Ansatz in the contact equation (2) allows to obtain

the pressure profile p(x) = −βE∗ exp
[
−α(h̃0 + x2/(2R))/hrms

]
that is Gaussian. Lastly, we perform the integral

of the resulting pressure profile over the all domain which must equate normal load (see Eq. (4)). This provide a

condition that allows to solve for the unknown distance h̃0 that is found to be

h̃0 = −hrms

2α
ln

(
πF̄ 2

N

8h̄rms

)
. (25)

As expected, we find that the typical scale of the separation distance is the surface roughness. What is less obvious
is the logarithmic corrections, both in dimensionless normal load and dimensionless roughness. In Fig. 6(d), we plot

the same separation distance profiles as in Fig. 6(b) but rescaled by h̃0 while the x-axis is rescaled by
√
h̃0R. Again,

we find a perfect collapse of all the numerical data, that confirms our analysis.
To sum up, we discuss the shape of the average separation distance in the quasistatic limit of our contact model.

The main controlled parameter is the ratio between the roughness to the Hertz indentation h̄rms/F̄N . We found
two asymptotic regimes, either at large or small indentation, respectively h̄rms/F̄N → (0,∞). In both cases, the
typical scale of the separation distance is given by the roughness, with non-trivial logarithmic correction in the
dimensionless normal load, as well as roughness. In what follows, we will focus on the limit of nearly smooth surface
with h̄rms/F̄N < 10−2 and below. Nonetheless, it could be of interest in future work to extend the analysis to the
opposite rough limit, and to surfaces with ordered roughness with a discrete spectrum.

IV. LUBRICATION TRANSITION

A. Stribeck curve

We now turn to the full system of equations (1)–(5) to analyze the mixed-lubrication regime and the transitions
between frictional states. Numerical simulations were performed by fixing the roughness and normal force while
varying the dimensionless sliding speed over a large range (up to 10 orders of magnitude). Throughout, we set the
Coulomb friction parameter to µ0 = 1 in all Stribeck curves. Changing µ0 modifies the overall curve shape but not
the separation distance profiles, since µ0 does not explicitly appear in (1)–(5).
Figure 7(a) shows the Stribeck curve, i.e. the total friction coefficient as a function of the Hersey number ηU/FN .

Regardless of the contact parameters (h̄rms and F̄N ), the friction always transitions from a contact-dominated regime
(boundary lubrication) at low speeds to a fluid-dominated regime (hydrodynamic lubrication) at high speeds, with
a mixed regime of velocity weakening in between. Smoother surfaces shift the transition to lower speeds and reduce
the overall friction, as expected. The same trend occurs for larger dimensionless normal forces. However, the precise
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FIG. 7. Stribeck curve. (a) Friction coefficient as function of the Hersey number in logarithmic scales, where the different
colors correspond to varying contact parameters (h̄rms and F̄N ) indicated in the legends. In the panel (b), the same data are
plotted versus the prediction (23) of the hydrodynamic friction. The gray triangles indicate power-law scalings. (c) Experimental
Stribeck curve reported in Ref. [22].

transition speeds depend sensitively on both h̄rms and F̄N , and understanding these dependencies is a central goal of
this section.

When plotted against the Hersey number, the hydrodynamic regime exhibits a tiny spread among the numerical
curves, reminiscent of the fact that ηU/FN is not the sole governing parameter. Indeed, the simulations recover
two distinct asymptotic scalings U2/5 and U2/3 of the hydrodynamic friction of Sec. III B. More precisely, using

the Hersey number we can rewrite the scaling as µf,large ∼ (ηU/FN )2/5F̄
1/10
N at large deformations, and µf,small ∼

(ηU/FN )2/3F̄
−1/6
N at small deformations. Hence, an explicit F̄N dependency remains on top of ηU/FN , which explains

the lack of perfect collapse of the data in the hydrodynamic lubrication regime in Fig. 7(a).
To overcome this limitation, Fig. 7(b) presents an alternative Stribeck-like representation, where the friction coef-

ficient is plotted against the theoretical hydrodynamic friction µf (λ) from (23). In this form, all curves collapse onto
the y = x line in the hydrodynamic regime, independent of the imposed load.

Figure 7(c) shows the experimental Stribeck curves reported by Bongaerts et al. [22] for PDMS/PDMS contacts
with different surface roughnesses. The experimental results highlight that Stribeck curves strongly depend on hrms

and are in very good qualitative agreement with our numerical predictions. It should be noted, however, that the
experiments were performed with a sphere sliding against a flat disk, whereas our model assumes a contact between
a infinitely long cylinder and a flat surface. A direct quantitative comparison is therefore not possible, although our
numerical framework could, in principle, be extended to spherical geometries.

B. Numerical profiles along the transitions

We now turn to the transition region between the different friction regimes. To gain physical insights, we examine
representative profiles of the separation distance, fluid pressure, and contact pressure, shown in Fig. 8(b)–(d) for
several values of the dimensionless sliding speed λ in the range [3.16× 10−6, 10−3]. The contact parameters are fixed
to F̄N = 0.1 and h̄rms = 10−4, corresponding to the blue circles in Fig.7. The Stribeck curve in Fig. 8(a) indicates the
position of each profile with vertical colored lines. As λ increases, the separation distance and fluid pressure gradually
rise, while the contact pressure decreases. The rough-contact asymptotic expression of Eq. (24) (cyan dashed lines)
describes the separation distance well at low speed. We observe that the contact pressure converges towards the
Hertzian prediction Eq. (13) in the boundary lubrication limit (dashed lines in Fig. 8(d)) since the chosen parameters
h̄rms/F̄N ≪ 1 lies in the large deformation limit (see Sec. III C 1). Similarly, the fluid pressure profile at the transition
to hydrodynamic (Fig. 8) converges to the same underlying Hertzian prediction, as it balances elastic deformations.

Overall, the asymptotic solutions of Secs. III B and III C accurately capture the separation distance profile in the
hydrodynamic and boundary limits. The mixed-lubrication regime, however, does not exhibit a sharp boundary,
but rather a smooth crossover between the two extremes as λ increases. To obtain predictive descriptions of this
intermediate regime, we therefore develop regular perturbative expansions around the hydrodynamic-dominated state
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FIG. 8. Profiles in the mixed-lubrication regime. (a) Stribeck curve with vertical colored lines marking the values of
ηU/FN corresponding to the profiles shown below. (b) Separation distance, (c) fluid pressure, and (d) contact pressure as
a function of the lateral position for various λ. The cyan and black dashed lines indicate, respectively, the rough-contact
asymptotic expression for the separation distance and the Hertzian pressure profile.

(Sec. IVC) and the contact-dominated state (Sec. IVD).

C. Hydrodynamic-to-mixed lubrication transition

We begin with the hydrodynamic-to-mixed lubrication transition. Our central assumption here is that the contact
pressure remains much smaller than the fluid pressure, so that, to leading order, the separation distance profile is
well described by the smooth-limit solution. Under this assumption, the effective contact pressure can be evaluated
directly from (2), and integrated to obtain the contact contribution to the overall friction. Accordingly, the total
friction is written as

µ = µc[hf (x)] + µf,th, (26)

where µf,th is given in (23) and

µc[hf (x)] =
µ0

FN

∫

R
pc(x) dx =

µ0

FN

∫

R
βE∗ exp

[
−αhf (x)

hrms

]
dx, (27)

with hf (x) the smooth-limit separation profile.

We proceed to obtain a simple asymptotic expression for (26). Provided the roughness parameter h̄rms is sufficiently
small, the transition always occurs for λ ≪ 1, so the hydrodynamic problem falls within the large-deformation (λ → 0)
regime (see Sec. III B 1). In this limit, the integral (27) is dominated by the central region |x| < a, where the separation
is uniform, h0,large = 0.44uHzλ

3/5. The fluid contribution may likewise be approximated by its large-indentation form,



14

µf,th ≈ µf,large. The total friction then reduces to

µ =
2µ0βE

∗a
FN

exp

[
−0.44

αuHzλ
3/5

hrms

]
+

ηU

FN

2a

0.44uHzλ3/5
. (28)

In terms of the dimensionless groups introduced earlier, this becomes

µ =
4µ0

π
F̄

−1/2
N exp

[
−0.44

λ3/5

h̄rms/F̄N

]
+

4β

0.44× 3π
λ2/5F̄

1/2
N . (29)

Figure 9(a) shows that the asymptotic expression (29) (black dashed lines) matches the numerical data closely
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FIG. 9. Hydrodynamic-to-mixed lubrication transition. (a) Friction coefficient versus the fluid friction as in Fig. 7(b),
where the black dashed lines show the prediction of (29), describing very well the hydrodynamic-to-mixed lubrication transition.
(b) Dimensionless ratio between the typical film thickness and roughness Λ at the minimal friction (see (31)) versus the
dimensionless roughness. The different colors correspond to various normalized indentation force and the dotted lines show
the asymptotic expression (32). (c) Numerical (dots) and asymptotic (dotted lines) expression of the minimal friction µmin

versus the dimensionless roughness. The asymptotic expressions correspond to (34). (d) Experimental value of Λ versus the
rms roughness in Ref. [22].

in the vicinity of the minimal friction and over much of the mixed regime. Deviations appear for large values of
h̄rms/F̄N (beige circles), where the transition occurs at λ ∼ 1 and the hydrodynamic contribution is no longer in the
large-indentation limit. An interpolation between the two hydrodynamic regimes could improve the prediction (as in
Sec. III B 3), but here we focus on the asymptotic case h̄rms/F̄N ≪ 1 in order to obtain analytic predictions for the
minimal friction.

A common way to characterize the hydrodynamic-to-mixed transition is through the Λ-ratio of film thickness to
roughness. It is often assumed that the transition occurs when the film thickness is about three times the roughness
scale [21]. However, experiments show a much wider range, with reported values from Λ ≃ 0.7–11 [22], Λ ≃ 0.7–1.2
[23], Λ ≃ 0.9–2.3 [24], and Λ ≃ 16–2736 [25]. These discrepancies motivate further theoretical refinement. In the
present asymptotic regime (h̄rms/F̄N ≪ 1), the transition lies in the large-deformation hydrodynamic limit, leading
us to define

Λ =
h0,large

(hrms/α)
=

0.44λ
3/5
min

h̄rms/F̄N
, (30)
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where λmin is the value of λ at which friction is minimal, defined explicitly by dµ
dλ

∣∣∣
λ=λmin

= 0. Differentiating (29)

yields the implicit relation

Λ1/3 exp (−Λ) = k, with k =
2

9× (0.44)5/3
βh̄

2/3
rmsF̄

1/3
N

µ0
. (31)

This equation can be inverted using the −1 branch of the Lambert W-function [44], giving Λ = − 1
3W−1

(
−3k3

)
. In

Fig. 9(b), we plot with solid lines the resulting analytic solution (31) of Λ versus the dimensionless roughness for two
imposed normal forces. We notice that we displayed two curves to illustrate the dependency on both parameters,

even though Λ is actually a function of a single reduced parameter: h̄
2/3
rmsF̄

1/3
N . A logarithmic scale is used in x-axis,

highlighting that Λ has a typical logarithmic dependency in the contact parameters h̄rms and F̄N , which contrasts
with other theories assuming a constant Λ = 3 at the transition as in Ref. [21] (e.g. gray dashed lines in Fig. 9(b)).
In the small-roughness limit (k ≪ 1), expansion of (31) yields

Λ ≃ − ln k + 1
3 ln[− ln k], (32)

which matches the full solution remarkably well across the explored range [Fig. 9(b), dotted lines].
These results are qualitatively consistent with the experiments of Bongaerts et al. [22], who reported that Λ increases

as the surface roughness decreases. In Fig. 9(d), we plot the experimental values of Λ against hrms using the same
dataset as in Fig. 7(c). As before, a direct quantitative comparison cannot be made because their measurements were
performed with a sphere-on-flat configuration, whereas our model assumes an infinitely long cylinder.

With Λ in hand, we can now obtain the minimal friction. The corresponding λ-value is

λmin =

(
h̄rms(− ln k)

0.44F̄N

)5/3

, (33)

where the sub-logarithmic corrections ∝ ln[− ln k] in (32) have been neglected for clarity. Inserting λmin into (29)
then yields the asymptotic minimal friction,

µmin ≃ 4βh̄
2/3
rmsF̄

−1/6
N

3π × (0.44)5/3

[
2

3
(− ln k)−1/3 + (− ln k)−2/3 +O[ln(− ln k)]

]
. (34)

The numerically-extracted value of the minimal friction is shown in Fig. 9(c), and again compares well with the
asymptotic expression for h̄rms. We recover the trends observed numerically in Fig. 7, that the overall minimal
friction decreases with decreasing roughness h̄rms and increasing normal force F̄N .

To summarize, we performed an asymptotic expansion of the total friction around the hydrodynamic smooth limit,
which turns out to provide a good description of the mixed-lubrication regime. We focus on the h̄rms → 0 limit and
derived an asymptotic expression for the Λ-ratio (32), as well as the overall minimal friction (34). Importantly, we
found that Λ is not constant but increases logarithmically with decreasing hrms, which is in qualitative agreement
with the experimental data of [22]. However, our expression of the mixed-lubrication friction fails at describing the
λ → 0 limit, hence the transition to the boundary lubrication regime. In the following section, we aim at deriving a
criterion defining this transition.

D. Boundary-to-mixed lubrication transition

We now turn to the near-contact regime, corresponding to boundary lubrication (λ → 0). As before, we focus on the
h̄rms → 0 limit, which corresponds to the large-indentation case of Sec. III C. In this regime, the separation distance
is described to leading order by the rough-contact solution (24). Integrating the resulting hydrodynamic friction via
(9) yields a fluid friction that scales as µf ∼ ηUa/(FNhrms) ∝ λ, with logarithmic corrections. This contribution is
negligible compared to the Coulomb friction µ0 as λ → 0. The balance between the fluid and Coulomb friction leads
to critical speeds that are way too large compare to the relevant ones characterizing the boundary-to-mixed transition
(not shown explicitly). Therefore the criterion must invoke other arguments.

Another possible scenario for the the boundary-to-mixed lubrication transition is that it is governed by the redis-
tribution of the load between contact and fluid pressures. Let Ff denotes the part of the total load supported by the
fluid,

Ff =

∫

R
pf (x), dx. (35)
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Neglecting the fluid friction term in (9) and using (1), the total friction simplifies to

µ = µ0

∫

R

pc(x)

FN
dx = µ0

(
1− Ff

FN

)
. (36)

Thus, the reduction of Coulomb friction is directly proportional to the fraction of load carried by the fluid. Hence,
our objective in this section is to determine the fluid normal force Ff in the λ → 0 limit.
To this end, we expand all fields in λ to second order:

h = h0(x) + λh1(x), h∗ = h∗
0 + λh∗

1, (37a)

pf (x) = λpf,1(x) + λ2pf,2(x), pc = p0(x)−
[
λpf,1(x) + λ2pf,2(x)

]
, (37b)

where the leading-order solutions h0 and p0 are the quasi-static solutions discussed in Sec. III C. The logarithmic
divergence of h0(|x| → a−) ∼ − ln(a− |x|) near the contact edge is integrable, and thus does not affect higher-order
terms. The detailed resolution of each terms of the expansion is provided in Appendix C. The first-order fluid
pressure pf,1 is antisymmetric, such that it does not contribute to the fluid normal force. However, the second-order
fluid pressure pf,2 has a net normal contribution, which can be integrated to find the fluid normal force, which takes
the form

Ff

FN
=

(
6πηUa

pHz(hrms/α)2

)2

ϕ
(
F̄N

)
, (38)

where we introduce ϕ as an auxiliary function of F̄N . Interestingly, the key dimensionless parameter of transition is
a (squared) ratio between a lubrication pressure built on the typical roughness scale 6ηUa/h2

rms over the confining
Hertz pressure.
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FIG. 10. Boundary-to-mixed lubrication transition. (a) Friction coefficient versus the fluid friction as in Fig. 7(b), where
the colored dotted lines show the asymptotic expression (36) together with (38). We notice that the y-axis is linear here in
contrast with previous Striebeck curves of the manuscript. (b) Auxiliary function ϕ versus F̄N . The dashed line shows the
expression (40), which provides a very good approximation of ϕ.

Figure 10(a) shows the resulting prediction for the friction coefficient, combining (36) with (38) (dotted lines). The
asymptotic description matches the numerical data remarkably well in the λ → 0 limit. Based on this, we propose a
criterion for the boundary-to-mixed transition: the value of λ at which the fluid load Ff becomes comparable to the
imposed normal load, i.e.

λ2ϕ

(h̄rms/F̄N )4
=

(
6ηUa

pHz(hrms/α)2

)2

ϕ

(
F̄N

)
= 1. (39)

Graphically, this corresponds to the intercept of the asymptotic curve in Fig. 10(a) with the y = 0 axis, providing a
reliable approximation of the transition point.

Lastly, our prediction involves an auxiliary function ϕ, which we now aim at providing an approximate expression.
We plot ϕ versus F̄N in Fig. 10(b) with logarithmic scales. We observe that ϕ increases with F̄N without any apparent
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clear scaling. Investigating closely the perturbation analysis, the function ϕ depends on the logarithm of F̄N . As
logarithm is a slowly varying function, one would naively expect a relative slow variation of ϕ with F̄N . Nevertheless,
if one performs a ln F̄N ≪ 1 expansion of ϕ, it turns out that the leading-order term is (− ln F̄N )5 (see Appendix D),
ultimately yielding to significant variations. In Fig. 10(b), we show in dashed lines the approximation

ϕ(F̄N ) ≈ 1

2

(
− ln F̄N

)5
(40)

which provide a very good description of ϕ over the entire range explored here and allows to get a simple closed-form
solution for the boundary-to-mixed transition. We notice that the prefactor 1/2 in (40) has been manually set, but
does not arise from any asymptotic calculation.

In summary, the boundary-to-mixed transition is controlled by the fraction of the load supported by the fluid
pressure. A perturbative λ → 0 expansion leads to the criterion

λ =
(h̄rms/F̄N )2√
1/2(− ln F̄N )5

providing a prediction for the onset of mixed lubrication.

V. CONCLUSION AND OUTLOOK
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FIG. 11. 3d Stribeck curve. The frictional state is indicated with colored regions in a 3d phase map following the represen-
tation of Fig. 3(b). More precisely, the lines separating the domains correspond to (45) and (43). The dimensionless normal
force are set to F̄N = 0.1 (resp. 0.01) in the front (resp. back).

This work provides a unified framework to characterize the transitions between lubrication regimes along the
Stribeck curve. Building on the mean-field theory of Persson and Scaraggi [33], we first identified three independent
dimensionless parameters governing the frictional state, which can be interpreted as a dimensionless speed, load, and
roughness.

We then analyzed the hydrodynamic and boundary lubrication regimes (Sec. III), which emerge naturally as the
smooth-surface limit hrms → 0 and the quasistatic limit U → 0 of the present model. We showed that each regime
is primarily controlled by a single dimensionless number, namely λ and h̄rms/F̄N , respectively, and that the contact
morphology displays remarkably similar phenomenology as these parameters are varied. In the limits where both
parameters are small compared to unity, elastic deformations are large relative to the separation distance, and the
contact morphology converges toward the Hertzian solution for dry contact, with non-trivial regularizing boundary
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layers at the edge of the contact zone. In contrast, for large values of λ and h̄rms/F̄N , the separation distance
are large compare with elastic deformations, and the film thickness can be obtained through a regular perturbation
expansion. In the hydrodynamic lubrication regime, we further proposed a prediction for the fluid friction based on
an interpolation between the exact asymptotic expressions in the small- and large-deformation limits.

We then turned to the open problem of mixed lubrication and derived asymptotic expressions for the friction
coefficient approaching hydrodynamic lubrication and approaching boundary lubrication. In the first case (mixte-to-
hydro), the total friction can be accurately described as the sum of the conventional hydrodynamic (viscous) friction
and an additional contribution due to residual asperity contacts, leading to

µ =
µ0E

∗ℓ
FN

exp

(
hfluid

hrms

)
+

ηUℓ

FNhfluid
, (41)

where ℓ and hfluid denote the characteristic contact length and fluid film thickness, as predicted by EHD lubrication
theory. For sufficiently smooth surfaces, i.e. hrms/R ≪ 1, the transition occurs in the large-deformation limit where
ℓ = 2a and hfluid = 0.44uHzλ

3/5 . In this regime, we derived an explicit expression for the film-thickness-to-roughness
ratio (the Λ-ratio) at the transition,

Λ ≈ − ln k +
1

3
ln [− ln k] , k =

2

9× (0.44)5/3
β

µ0

(
h2
rmsFN

16πα2β6E∗R3

)1/3

, (42)

which contrasts with approaches assuming a constant critical value of Λ [21]. In particular, this result recovers the
trend reported by Bongaerts et al., namely that Λ increases as the surface roughness decreases [22]. This criterion
can be translated into a critical sliding speed,

U =
pHzu

2
Hz

6ηa

(−hrms ln k

0.44αuHz

)5/3

=
4F 2

N

3π2E∗Rη

(−πE∗hrms ln k

4× 0.44αFN

)5/3

. (43)

Determining this critical speed further allows one to obtain an expression for the global minimum of the friction

coefficient, which scales as h
2/3
rmsF

−1/6
N , with logarithmic corrections.

In the second transition of boundary-to-mixte lubrication, the viscous dissipation in the fluid is negligible, and
the reduction of friction is instead controlled by the progressive redistribution of the applied load between direct
solid–solid contact and hydrodynamic pressure. In this regime, the total friction coefficient admits the asymptotic
form

µ = µ0

(
1− Ff

FN

)
,

Ff

FN
= 0.5

(
12πηRU

E∗(hrms/α)

)2 (
ln

[
1

πβ2

FN

RE∗

])5

(44)

where Ff denotes the amount of the normal load supported by the fluid. From this result, one can define a characteristic
transition speed at which the load carried by the fluid becomes significant,

U =
pHzh

2
rms

6ηaα2

(
−0.5 ln

[
1

πβ2

FN

RE∗

])−5/2

=
E∗h2

rms

12ηRα2

(
−0.5 ln

[
1

πβ2

FN

RE∗

])−5/2

. (45)

The resulting phase diagram (Fig. 11), expressed in the plane of dimensionless speed and dimensionless roughness,
summarizes the different lubrication regimes identified in this work. At fixed roughness, increasing the sliding speed
drives the system successively from boundary to mixed and finally to hydrodynamic lubrication. Conversely, at fixed
speed, decreasing the surface roughness induces the same sequence of transitions. A key conclusion of this analysis is
that the classical notion of the Stribeck curve can be naturally generalized to a multidimensional framework, provided
that appropriate dimensionless parameters are used to capture the microscopic properties of the contacting surfaces.

More broadly, our work demonstrates that asymptotic expansions provide a systematic and rigorous route to
characterize transitions between frictional states. At the same time, the present mean-field lubrication model relies on
a number of simplifying assumptions. In particular, it neglects various effects like flow factors [18], possible percolation
effects in the contact network that may entirely block the fluid flow [34], non-Newtonian rheology in nanometric fluid
films [45], as well as intermolecular interactions [26, 46], and possible cavitation at the outlet [47]. Accounting for
these effects may be essential in specific situations and could modify both the location and nature of the predicted
transitions. We restrict ourselves to infinite cylinder for the sake of simplicity, but the framework developed here
could be extended to spherical contacts. More generally, the framework developed here may have implications across
a broad range of systems, from classical tribological contacts to the rheology of complex suspensions, where frictional
transitions at the grain scale are known to strongly influence macroscopic flow properties [48–50].
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Appendix A: Dimensionless system of equations

In this section, we write the dimensionless system of equation that has been solved. We introduce dimensionless
variables with bar, as h̄ = h/uHz, p̄ = p/pHz and so on, such that the system of equations (1) - (5) becomes

p̄(x̄) = p̄f (x̄) + p̄c(x̄), (A1)

∫

R
p̄(x̄) dx̄ =

π

2
, (A2)

p̄c(x̄) = F̄
−1/2
N exp

(
− h̄(x̄)

h̄rms/F̄N

)
, (A3)

p̄′f (x̄) = λ
h̄(x̄)− h̄∗

h̄3(x̄)
, (A4)

h̄(x̄) = z̄0 +
x̄2

2
− 1

π

∫

R
p̄(ȳ) ln |x̄− ȳ|dȳ. (A5)

We solve the latter system of equations numerically. The derivative in the thin-film equation (A4) is discretized with
a finite-difference scheme. We use a standard continuation algorithm to obtain solutions varying independently the
three parameters.

Appendix B: Boundary-layer structure in the quasistatic limit

In this appendix, we rationalize the boundary layer observed at the edge of the contact zone in the quasistatic limit
(λ = 0), as shown in Fig. 6(c–e). In this limit, the fluid pressure vanishes (pf = 0) and the problem reduces to the
coupled contact and elastic equations (A3) and (A5), with p = pc.

Physical picture. — The rough contact solution derived in the main text provides an accurate description of the
separation profile in the bulk of the contact region. However, it exhibits a logarithmic divergence as |x| → a−, while
the Hertz solution outside the contact behaves as h ∼ (x − a)3/2. These two asymptotics are incompatible, which
necessarily implies the existence of a narrow transition region near x ≈ ±a. This region plays the role of a boundary
layer that regularizes the logarithmic singularity and connects smoothly the inner (rough contact) and outer (Hertzian)
solutions.
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Scaling analysis. — We denote by ℓ̂, ĥ and p̂ the characteristic lateral extent, separation distance, and pressure within
this boundary layer (see Fig. 6(e)). Inside the contact region, the separation is controlled by roughness and scales as

ĥ ∼ hrms

α
. (B1)

To estimate the pressure scale, we differentiate twice the elasticity equation (A5), yielding

h̄′′(x̄) = 1− 1

π

∫

R

p̄′(ȳ)
|x̄− ȳ| dȳ. (B2)

Within the boundary layer, the curvature of the gap is dominated by elastic deformation rather than the sphere

geometry, so that h̄′′ ∼ ĥ/ℓ̂2. Balancing this with the integral term gives the pressure scale

p̂ ∼ E∗ ĥ

ℓ̂
. (B3)

The final ingredient is the matching with the outer Hertz solution. Close to the edge of contact, the Hertz profile
behaves as

h(x → a+) ∼ uHz

(
x− a

a

)3/2

. (B4)

Matching this outer behavior with the boundary layer implies

ĥ ∼ uHz

(
ℓ̂

a

)3/2

. (B5)

Combining these relations yields the boundary-layer scales

ĥ =
hrms

α
, ℓ̂ = a

(
hrms

αuHz

)2/3

, p̂ = pHz

(
hrms

αuHz

)1/3

. (B6)

Self-similar structure. —These scalings suggest the existence of a universal similarity solution describing the boundary
layer. Introducing the rescaled coordinate

ξ =
x/a− 1

(h̄rms/F̄N )2/3
, (B7)

and the Ansatz

h(x) =
hrms

α

[
−1

2
ln F̄N − 1

3
ln

(
h̄rms

F̄N

)
+H(ξ)

]
, (B8)

p(x) = pHz

(
h̄rms

F̄N

)1/3

P(ξ), (B9)

one obtains the closed system

P(ξ) = exp (−H(ξ)) , H′′(ξ) = − 1

π

∫

R

P ′(ξ̄)

ξ − ξ̄
dξ̄, (B10)

Numerical validation. — Figure 6(c) shows the numerical profiles rescaled according to this similarity form. The
excellent collapse confirms that the edge of the contact is governed by a universal boundary-layer solution, which
smoothly connects the logarithmic rough-contact solution to the Hertzian outer profile.
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FIG. 12. Small force expansion.

Appendix C: Near-contact perturbation analysis

In this Appendix, we perform the regular perturbation expansion of (A1)-(A5) in λ, as described in IVD. Our
goal is to find the part of the force carried by the fluid pressure in the λ → 0 limit, which allows to characterize the
boundary-to-mixed lubrication transition. We recall the perturbation expansion that we set (in dimensionless form)
to

h̄(x̄) = h̄0(x̄) + λh̄1(x̄), h̄∗ = h̄∗
0 + λh̄∗

1, (C1a)

p̄f (x) = λp̄f,1(x̄) + λ2p̄f,2(x̄), p̄c(x̄) = p̄0(x̄)−
[
λp̄f,1(x̄) + λ2p̄f,2(x̄)

]
, (C1b)

where h̄0 and p̄0 are the leading-order quasistatic solution, corresponding to the ones described in Sec. III C. In
dimensionless form, the latter reads

h̄0(x̄) = − h̄rms

2F̄N
ln
(
F̄N

(
1− x̄2

))
p̄0(x) =

√
1− x̄2Θ(x̄2 − 1). (C2)

At first order O(λ), the thin-film equation (A4) gives

p̄′f,1 =
h̄0(x̄)− h̄∗

0

h̄0(x̄)
. (C3)

We continue by integrating the latter equation over the all contact zone and we use the condition p̄f,1(±∞) = 0, in
order to find the constant h̄∗

0 that reads

h̄∗
0 =

∫ 1

−1
h̄−2
0 (x̄) dx̄

∫ 1

−1
h̄−3
0 (x̄) dx̄

. (C4)

Now that we know h̄∗
0, the first-order fluid pressure is obtained integrating (C3) as

p̄f,1(x̄) =

∫ x̄

−1

h̄0(ȳ)− h̄∗
0

h̄0(ȳ)
dȳ. (C5)

In Fig. 12(a), we plot the fluid pressure rescaled by λ, which exhibits excellent agreement with the prediction (C5). We
notice that we could not find an closed-form expression for p̄f,1 with special functions, despite its relative simplicity.
Furthermore, we notice that p̄f,1 scales with (h̄rms/F̄N )−2 but with non-trivial logarithmic dependencies in F̄N . As
the leading order separation distance is symmetric, the resulting first-order fluid pressure is antisymmetric, such that
it does not contribute to the fluid load. Hence, we must solve for the second order in λ to find the fluid normal force.
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To do so, we evaluate (A3) at the order O(λ) to find the first-order separation distance as

h̄1(x̄) =
h̄rms

F̄N

p̄f,1(x̄)

p̄0(x̄)
. (C6)

The Fig. 9(b) shows the antisymmetric part of the separation distance Asym[h̄](x̄) = (h̄(x̄) − h̄(−x̄))/2 rescaled by
λ. We observe an excellent collapse of the numerical data at small λ and Asym[h̄]/λ is very well described by h̄1

from (C6). We choose to show the antisymmetric part of h̄ instead of h̄ − h̄0, in order to remove the (symmetric)
logarithmic singularity. Nevertheless, the same collapse is observed for h̄− h̄0 in the central zone (not shown). Lastly,
we notice that the first-order separation h̄1 scales as h̄rms/F̄N , again with logarithmic corrections in F̄N .

Now that we know h̄1, we can solve for the second-order fluid pressure, by evaluating (A4) at the order O(λ2),
which yields to

p̄′f,2 =
(3h̄∗

0 − 2h̄0)h̄1

h̄4
0

− h̄∗
1

h̄3
0

. (C7)

We again integrate (C7) over the all contact zone and use the boundary condition p̄f,2(±∞) = 0 to find the constant
h̄∗
1. The first term of the r.h.s. (3h̄∗

0 − 2h̄0)h̄1/h̄
4
0 of (C7) is antisymmetric, such that its integration over the all

domain vanishes and we simply find the trivial condition h̄∗
1 = 0. Then, the second-order pressure can be evaluated

by integrating (C7) to get

p̄f,2(x̄) =

∫ x̄

−1

(3h̄∗
0 − 2h̄0(ȳ))h̄1(ȳ)

h̄4
0(ȳ)

dȳ. (C8)

We show in Fig. 9(c) the symmetric part of the fluid pressure, which shows excellent agreement with theoretical
prediction p̄f,2 from (C8). Lastly, we note that p̄f,2 scales as (h̄rms/F̄N )−4 and is symmetric and leads to a positive
normal force. The same holds for the fluid normal force, which can be expressed in a dimensionless form as

Ff

FN
=

λ2

(h̄rms/F̄N )4
ϕ(F̄N ) (C9)

where ϕ is a dimensionless auxiliary function representing the dependency in the dimensionless normal force. The
equation (C9) corresponds to (38) of the manuscript.

Appendix D: Small indentation force expansion of the auxiliary function ϕ

In this appendix, we further highlight the scaling of the different terms of the small-λ expansion in both dimensionless
roughness via h̄rms/F̄N and normal force in ln F̄N . Our objective is to justify the ϕ(F̄N ) ∼ (− ln F̄N )−5 scaling
discussed in Sec. IVD and Fig. 10. We go through all the different steps of the perturbation expansion and rewrite
the fields in dimensionless form with capital letters, where the dependency in h̄rms/F̄N is scaled out, as

h̄0(x̄) =

(
h̄rms

F̄N

)
H0

(
ln F̄N , x̄

)
, H0

(
ln F̄N , x̄

)
= −1

2
ln F̄N − 1

2
ln(1− x̄2) ∝ − ln F̄N , (D1a)

h̄∗
0 =

(
h̄rms

F̄N

)
H∗

0

(
ln F̄N

)
, H∗

0

(
ln F̄N

)
=

∫ 1

−1
H−2

0 (ln F̄N , x̄) dx̄
∫ 1

−1
H−3

0 (ln F̄N , x̄) dx̄
∝ − ln F̄N , (D1b)

p̄f,1(x̄) =

(
h̄rms

F̄N

)−2

Pf,1(ln F̄N , x̄), Pf,1(ln F̄N , x̄) =

∫ x̄

−1

H0(ln F̄N , ȳ)−H∗
0 (ln F̄N )

H3
0 (ln F̄N , ȳ)

dȳ ∝ (− ln F̄N )−2, (D1c)

h̄1(x̄) =

(
h̄rms

F̄N

)−1

H1(ln F̄N , x̄), H1(ln F̄N , x̄) =
Pf,1(ln F̄N , x̄)

p0(x̄)
∝ (− ln F̄N )−2, (D1d)

p̄f,2(x̄) =

(
h̄rms

F̄N

)−4

Pf,2(ln F̄N , x̄), Pf,2(ln F̄N , x̄) =

∫ x̄

−1

(3H∗
0 (ln F̄N )− 2H0(ln F̄N , ȳ))H1(ȳ)

H4
0 (ln F̄N , ȳ)

dȳ ∝ (− ln F̄N )−5,

(D1e)
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Ff

FN
= λ2

(
h̄rms

F̄N

)−4

ϕ
(
ln F̄N

)
, ϕ

(
ln F̄N

)
=

∫ 1

−1

Pf,2(ln F̄N , x̄) dx̄ ∝ (− ln F̄N )−5. (D1f)

In the former equations, the ∝ correspond to the F̄N ≪ 1 asymptotic.
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